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INELASTIC RESPONSE OF PRIMARY REACTOR 
CONTAINMENT TO HIGH-ENERGY EXCURSIONS 

by 

Gabriel Cinelli. J r . , Joseph Gvildys, 
and Stanley H. Fistedis 

ABSTRACT 

The inelastic response of pr imary containment to 
a high-energy axisymmetric excursion is found by numeri­
cal techniques. F i r s t , the equation of state for inelastic 
behavior is discussed. Then the basic conservation laws of 
mass , momentum, and energy are given in Eulerian coordi­
nates . These equations are then transformed into Lagrangian 
coordinates and the finite-difference equations for numerical 
computation Finally, the results of a sample problem cal­
culation are given 

I INTRODUCTION 

Knowledge of the containment potential of a particular reactor de­
sign is essential in assessing the overall safety of a nuclear power plant 
concept. To determine this potential, the containment response to a prompt 
cri t ical excursion must be analyzed. During suc^ an excursion, a high-
p res su re (200-300 kb) shock wave is developed, which propagates through 
the p r imary containment, causing damage Therefore, the goal of the 
P r i m a r y Containment Program at Argonne is to devise theoretical methods 
for determining the type and amount of damage done by the shock wave. 

One of the questions that must be answered is: How does the mate­
rial strength of the pr imary containment affect the progress of the shock 
wave? If the p ressu re is 100 kb or more , the approximation of the mater ia l 
to a fluid is valid, since the mater ia l shear strength is a few kilobars. Ex­
per iments with metals at 50 kb or below show that the wave-propagation 
velocity is grea ter than that given by hydrodynamic theory. Hence, mate­
r ial strength must be accounted for when the shock-wave p re s su re is less 
than 50 kb. 

As the shock wave progresses through the pr imary containment, it 
s t r ikes the blanket mater ia l , the coolant, the p ressure vessel , the blast 
shield, and the biological shielding, in that order . Since the p ressu re is so 
high, the blanket mater ia l can be treated on a hydrodynamic bas is , but, due 



to the d e c a y of the shock wave in the coo lan t , the p r e s s u r e v e s s e l m u s t i n ­
c lude the effect of m a t e r i a l s t r e n g t h I n c o r p o r a t i o n of m a t e r i a l s t r e n g t h in 
the equa t ion of m o t i o n r e q u i r e s that the equa t ions be w r i t t e n in t e r m s of 
the s t r e s s c o m p o n e n t s In th i s way, the m a t e r i a l s h e a r s t r e n g t h is inc luded 
a u t o m a t i c a l l y . 

The p u r p o s e of th i s r e p o r t i s the so lu t ion , by f i n i t e - d i f f e r e n c e 
m e t h o d s of a x i s y m m e t r i c wave p r o p a g a t i o n in c o m p r e s s i b l e m a t e r i a l with 
s h e a r s t r e n g t h a c c o u n t e d for L a g r a n g i a n g r i d r e p r e s e n t a t i o n is u s e d . Fo r 
t h i s s y s t e m , the m o t i o n of the m e d i u m is d e s c r i b e d wi th r e f e r e n c e to a 
m e s h a t t a c h e d to the m a t e r i a l Th i s r e s u l t s in a l inni ta t ion of the me thod 
when s e v e r e d i s t o r t i o n s of the o r i g i n a l m e s h take p l a c e . The p r o g r a m can 
be u s e d wi th a fluid or e l a s t i c - p e r f e c t l y - p l a s t i c so l id . The po lynomia l 
e q u a t i o n of s t a t e is u s e d for d e s c r i b i n g the h y d r o s t a t i c c o m p o n e n t of the 
s t r e s s e s . 

The r e m a i n d e r of t h i s r e p o r t i s d iv ided into t h r e e p a r t s Sec t ion II 
d e s c r i b e s the equa t ion of s t a t e Sec t ion III t r e a t s the equa t i ons of mot ion 
and d i s c u s s e s the f i n i t e - d i f f e r e n c e e q u a t i o n s . Sec t ion IV g ives the r e s u l t s 
of c o m p u t e r code c a l c u l a t i o n s on a s a m p l e p r o b l e m 

II EQUATION OF S T A T E 

The f i r s t r e q u i r e m e n t in the c a l c u l a t i o n of e l a s t i c - p l a s t i c flow is 
to f o r m u l a t e the equa t ion of s t a t e T h i s equa t ion m u s t d e s c r i b e e l a s t i c , 
e l a s t i c - p l a s t i c , and h y d r o d y n a m i c flow and inc lude a p p r o p r i a t e y ie ld c r i t e ­
r i a in the l a t t e r two r e g i m e s . The l i t e r a t u r e c o n t a i n s m a n y c o m p l i c a t e d 
f o r m s of e q u a t i o n s of s t a t e : s o m e a r e d e s i g n e d to a id the m a t h e m a t i c s in 
the a n a l y t i c so lu t ion of e q u a t i o n s of nnotion. H o w e v e r , s i n c e n u m e r i c a l 
t e c h n i q u e s wi l l be c o n s i d e r e d h e r e , the equa t i ons of m o t i o n a r e independ­
en t of any r h e o l o g i c a l e q u a t i o n of s t a t e and any f o r m m a y be u s e d The 
ob j ec t i ve of the equa t ion of s t a t e wil l be to p r o v i d e a t h e o r e t i c a l desc r ip t ion 
a p p l i c a b l e to a wide c l a s s of p r a c t i c a l p r o b l e m s but u s ing s i m p l e idea l iza ­
t ions of the ou t s t and ing f e a t u r e s of the r e a l p h e n o m e n o n The p l a s t i c s ta te 
wi l l be d e s c r i b e d by con t i nuous ly ad jus t ing the s t r e s s e s s u c h tha t the yield 
s t r e n g t h is not e x c e e d e d 

A E l a s t i c Reg ion 

We sha l l c o n s i d e r m e d i a having the s a m e p r o p e r t i e s in al l d i r e c t i o n s , 
i e . , i s o t r o p i c m e d i a 

In X, y, z c o o r d i n a t e s , the s t a t e of s t r e s s in a con t inuous m e d i u m is 
def ined a t a g iven point by s ix s t r e s s c o m p o n e n t s : O^- Oy. a^, T , T J 
"""xy (Ref. 1 p 14). It is a lways p o s s i b l e to choose c o o r d i n a t e a x e s such th t 



the s h e a r s t r e s s at a g iven poin t i s z e r o , i . e . , T = T ^ ^ =''"xy - " (Ref. 2, 

p . 215) . Any t h r e e o r t h o g o n a l a x e s y ie ld ing the above cond i t i ons a r e c a l l e d 

the p r i n c i p a l a x e s for the poin t c o n s i d e r e d . S t r e s s e s in the d i r e c t i o n s of 

the p r i n c i p a l a x i s on s u r f a c e s n o r m a l to t h e s e a x e s a r e c a l l e d p r i n c i p a l 

s t r e s s e s . 

A p e r f e c t l y e l a s t i c m a t e r i a l is c h a r a c t e r i z e d by a l i n e a r r e l a t i o n ­

sh ip b e t w e e n s t r e s s and s t r a i n . H o o k e ' s law is u s e d to d e s c r i b e the s t r e s s 

r e s u l t i n g fronn the s t r a i n a t th i s po in t . The s t r a i n r e s u l t s f r o m a fo rce 

tha t d i s p l a c e s p a r t i c l e s in the m e d i a . H o o k e ' s l aw, in t e r m s of an i n c r e ­

m e n t a l s t r e s s r e s u l t i n g f r o m an i n c r e m e n t a l s t r a i n , m a y be w r i t t e n 

X^ + Zuc„ 

\ + ^ ^ £ 2 . 

O3 = -^V + ^MEj 

(1) 

H e r e X a n d p a r e t h e L a m e c o n s t a n t s ; E i , e^, a n d £3 a r e t h e s t r a i n r a t e s 

i n t h e d i r e c t i o n s g i v e n b y s u b s c r i p t s ; a n d V i s t h e v o l u m e . T h e d o t m e a n s 

a t i m e d e r i v a t i v e a l o n g t h e p a r t i c l e p a t h . T h e t i m e d e r i v a t i v e p r o v i d e s a n 

o r d e r e d s e q u e n c e f o r t h e i n c r e m e n t a l s t r e s s - s t r a i n r e l a t i o n s h i p , b u t t h i s 

d o e s n o t m e a n t h a t a r a t e - d e p e n d e n t s t r e s s - s t r a i n r e l a t i o n s h i p h a s b e e n 

i n t r o d u c e d . U s e d i n t h i s w a y , H o o k e ' s l a w g i v e s n a t u r a l s t r a i n , w h i c h 

m e a n s t h a t t h e s t r a i n of t h e e l e m e n t r e f e r s t o t h e c u r r e n t c o n f i g u r a t i o n , 

r a t h e r t h a n t h e o r i g i n a l o n e . * 

S t r e s s b e h a v i o r of t h e m a t e r i a l c a n b e t h o u g h t of a s b e i n g c o m p o s e d 

of a s t r e s s a s s o c i a t e d w i t h a u n i f o r n n h y d r o s t a t i c p r e s s u r e ( a l l t h r e e n o r m a l 

s t r e s s e s e q u a l ) , p l u s a s t r e s s a s s o c i a t e d w i t h r e s i s t a n c e of t h e m a t e r i a l t o 

s h e a r d i s t o r t i o n . In d e s c r i b i n g y i e l d i n g a n d p l a s t i c f l o w , w e m u s t l i m i t o n l y 

t h e s t r e s s c o n t r i b u t i o n s d u e t o s h e a r d i s t o r t i o n . T h e r e f o r e , e a c h of t h e 

s t r e s s e s O], O2, a n d 03 i s b r o k e n d o w n i n t o a h y d r o s t a t i c p r e s s u r e P a n d a 

s t r a i n d e v i a t o r S p S^, a n d S3: 

01 = - P + S i , 61 = - P + S i , 

02 = - P + S j , 62 = - P + S2, 

03 = - P + S3, Oj = - P + S3 . 

U) 

w h e r e - P i s t h e m e a n of t h e t h r e e s t r e s s e s ; i . e . , P = - ( O j + 0 2 + 0 3 ) / 3 . T h e 

u s u a l n o t a t i o n i s f o l l o w e d : s t r e s s e s a r e > 0 i n t e n s i o n a n d < 0 i n c o m p r e s s i o n . 



This is jus t the oppos i te for p r e s s u r e , hence the nega t i ve s i gn . The m e a n 
n o r m a l s t r a i n is defined as 

e = | ( e i + e 2 + e 3 ) 

a n d 

= 1(^1+^2+£3)- (3) 

S i m i l a r l y , the n o r m a l componen t s of the s t r a i n d e v i a t o r s a r e def ined a s 

Si = £1 - e , 

e, = e , . e, 

e, = £ 3 - 9 , 

^1 = £1 - e, 

e, = e,. e. 

63 = £3 - e. > 

F r o m the equat ion of cont inu i ty . 

£ , + £ , + £ , = — , 
V -1 T =-2 T =.3 

it follows that 

3i + 02 + e Z ^ ^i 

a n d 

'̂  - 3 V • 

With t h e s e de f in i t ions , Eq . 1 can be w r i t t e n a s 

Si = 2 M ( e i - } ^ ) , 

S3 = 2 M ( £ 3 - J ^ ) , 

- - f 
w h e r e 

> 

(4) 

(5) 

(6) 

K = \ + J /i = Bulk m o d u l u s . 



From Eqs. 5 and 6, it follows that 

Si + S2 + S3 = 0 (7) 

and 

Si + S2 + S3 = 0, (8) 

which states that the distortion components of the s t ress do not contribute 
to the average p r e s s u r e . 

B. Plastic-flow Region 

The yield condition of Von Mises is used to determine the elastic 
limit. When the principal s t r e s ses are known, the yield condition can be 
written as 

(o, - o,)^ + (o, - 03)^ + (03 - o,)2 = 2(Y'')', (9) 

where Y is the yield strength in simple tension. 

The left side of Eq. 9 is proportional to the elastic energy of dis­
tortion per unit volume or the energy that causes the volume change.* 
Therefore, Eq. 9 states that plastic flow begins when the elastic distortion 
energy reaches a limiting value (Y°) /6/ j and that this energy remains con­
stant during plastic flow. Thus the term "elast ic-plast ic" means the state 
whereby the distortion component of the strained material has been loaded, 
following Hooke's law, up to a state where the nnaterial can no longer store 
elastic energy. Subsequent distortion will produce plastic flow, and plastic 
work will be done. 

The left side of Eq. 9 also can be interpreted in te rms of shear 
strength. Moreover, there are several ways of viewing Eq, 9, but the point 
here is that at the elastic limit the left side is equal to a constant. We 
have chosen to interpret the constant in ternns of the yield strength in sim­
ple tension, Y . If the tension is applied in the Oi direction and the lateral 
s t r e s se s O2 and 03 are zero , then Eq. 9 gives Oj = Y . The simple tension 
t e rm implies two-dimensional flow, since in order for the lateral s t r e s ses 
to be zero there must be s trains in the lateral direction; in fact, the ratio 
Ci/'Ci for this case is Poisson ' s rat io. Also, Eq. 9 implies that the yield 
strength in tension and compression is the same (absence of Bauschinger 
effect). 

For i l lustration, in the Oi, O2, O, space of Fig. 1, Eq. 9 descr ibes 

the surface of a cylinder of radius •v/2/3 Y . The axis of the cylinder is 
equally inclined to the Oi, O2, O3 system of coordinates, as shown in Fig. la. 



We u s e the p r i n c i p a l s t r e s s d e v i a t o r s such tha t 

Si + S2 + S3 = 0 (Eq. 8). 

T h i s is the equa t ion of a p lane t h r o u g h the o r i g i n of the ax i s of the p r i n c i ­

pa l s t r e s s e s . I n t e r s e c t i o n of th i s p l ane wi th the c y l i n d e r of E q . 9 r e s u l t s 

in a c i r c l e (as shown in F i g . l a ) . It is a s s u m e d that if the s t r e s s d e v i a t o r s 

give a po in t i n s ide the c i r c l e , the m a t e r i a l is wi th in the e l a s t i c l i m i t . 

YIELD CIRCLE 

yl 
PLANE ' 5|*S2*Sj '0 

nt i 

113-1936 (a) (b) 

Fig. 1. Von Mises Yield Assumption 

W h e n t h e m a t e r i a l i s l o a d e d b e y o n d t h e y i e l d s t r e n g t h a n d s u b s e ­

q u e n t l y u n l o a d e d , t h e e l a s t i c d i s t o r t i o n e n e r g y i s r e c o v e r e d ; w o r k a g a i n s t 

t h e m a t e r i a l w h i l e i n t h e p l a s t i c s t a t e i s n o t r e c o v e r e d . In o t h e r w o r d s , 

t h e l o a d i n g a n d u n l o a d i n g p a t h s a r e n o t t h e s a m e . (In F i g . 2 a , t h e l o a d i n g 

p a t h i s O A B , t h e u n l o a d i n g p a t h B C . ) I t h a s b e e n s h o w n t h a t t h e w o r k d o n e 

o n t h e m a t e r i a l d u r i n g a l o a d i n g a n d u n l o a d i n g c y c l e m u s t b e p o s i t i v e o r 

z e r o , z e r o o n l y w h e n p u r e e l a s t i c c h a n g e s o c c u r . F u r t h e r m o r e , t h e p l a s t i c 

s t r a i n i n c r e m e n t m u s t b e n o r m a l t o t h e y i e l d s u r f a c e t h a t s e p a r a t e s t h e 

e l a s t i c a n d e l a s t i c - p l a s t i c s t a t e s . 

W e w i l l d e s c r i b e p l a s t i c f l o w b y n n o n i t o r i n g t h e s t r e s s d e v i a t o r s a t 
t h e e l a s t i c l i m i t . In F i g . l b , t h e s t r e s s e s a r e s h o w n a t s t a t e n a n d , a f t e r 
a n i n c r e m e n t a l s t r a i n , a t s t a t e n + 1. H o w e v e r , s t a t e n + 1 i s o u t s i d e t h e 
y i e l d s u r f a c e , a n d o u r a s s u m p t i o n i s t h a t t h i s s t a t e c a n n o t b e r e a c h e d . 
I n s t e a d , w e w i l l c o n s i d e r t h a t t h e m a t e r i a l f l o w s p l a s t i c a l l y b u t t h e s t r e s s e s 
r e n n a i n a t t h e e l a s t i c l i j n i t o n t h e y i e l d c i r c l e . T h e p l a s t i c c o m p o n e n t of 
s t r a i n i s p e r p e n d i c u l a r t o t h e y i e l d c u r v e , a n d i t i s t h e s t r e s s a s s o c i a t e d 
w i t h t h i s c o m p o n e n t of s t r a i n t h a t w e w i s h t o l i m i t . T h e r e f o r e , t h e n e w 
s t r e s s s t a t e i s t h e p o i n t r e a c h e d b y a v e c t o r f r o m n a n d p e r p e n d i c u l a r 
t o t h e y i e l d c i r c l e . T h e o n e - d i m e n s i o n a l a n a l o g y i s s h o w n i n F i g . 2 a , 
w h e r e t h e s t r e s s - S i h a s a m a x i m u m v a l u e f o r a l l s t r a i n s b e y o n d t h e 
e l a s t i c l i m i t p o i n t A . T h u s , t o s u m m a r i z e t h e y i e l d a s s u m p t i o n , 

(Si - S2)^ + (S2 - S3) ' + (S3 - Si)2 £ Z(Y°)\ (10) 

Si + S2 + S3 = 0 , ( U ) 



' "» -s , 

TENSION 

COMPRESSION 

A B 

X IX 0 \ . , a , . 

SLOPE 

which can be w r i t t e n 

St + S| + sf = 4(Y°)'. 
sl.s?. f lYl '* 

if'' 

SLOPE ( X » 2 / l ) 

113-1937 

If a n i n c r e m e n t a l c h a n g e 

i n t h e s t r e s s e s i n a n e l e m e n t r e ­

s u l t s i n a v i o l a t i o n of t h e i n e q u a l ­

i t y , e a c h p r i n c i p a l s t r e s s d e v i a t o r 

m u s t b e a d j u s t e d s o t h a t E q . 11 

i s a g a i n s a t i s f i e d . E q u a t i o n 6 i s 

u s e d t o c a l c u l a t e t h e s t r e s s 

d e v i a t o r s . If a p o i n t f a l l s o u t s i d e 

t h e y i e l d c i r c l e , i t i s b r o u g h t 

b a c k t o t h e c i r c l e a l o n g t h e r a d i u s 

v e c t o r of t h e p o i n t a n d h e n c e p e r ­

p e n d i c u l a r t o t h e y i e l d c i r c l e . 

T h i s i s a c c o m p l i s h e d b y m u l t i ­

p l y i n g e a c h s t r e s s d e v i a t o r b y 

Fig. 2. One-dimensional Strain for 
a Perfectly Plastic Material yiYvyif + si + S: 

By ad jus t ing the s t r e s s e s p e r p e n d i c u l a r to the y ie ld s u r f a c e , we affect only 
the p l a s t i c c o m p o n e n t s of the s t r e s s e s . The o b s e r v e d i n c o m p r e s s i b i l i t y of 
the p l a s t i c s t a t e is i m p l i c i t in th i s p r o c e d u r e . A b a c k g r o u n d p r e s s u r e s t a t e 
i s a l w a y s p r e s e n t , w h e t h e r the m a t e r i a l is in an e l a s t i c or e l a s t i c - p l a s t i c 
s t a t e , but it is independen t of p l a s t i c flow. Th i s is in a g r e e m e n t wi th the 
o b s e r v e d b e h a v i o r of duc t i l e m e t a l s . 

The above f o r m u l a t i o n a p p l i e s to a p e r f e c t l y p l a s t i c m a t e r i a l , i . e . , 
m a t e r i a l tha t flows p l a s t i c a l l y wi thout w o r k - h a r d e n i n g (see F i g . 2). F o r a 
w o r k - h a r d e n i n g m a t e r i a l , the s t r e s s ( - S j i n c r e a s e s m o n o t o n i c a l l y wi th 
s t r a i n (Ci) for s t r a i n s beyond the point A, i n s t e a d of r e m a i n i n g cons t an t a s 
for the p e r f e c t l y p l a s t i c m a t e r i a l shown. Work h a r d e n i n g can be i n t r o d u c e d 
in to the c a l c u l a t i o n s by m a k i n g the c o n s t a n t Y " in E q . 9 a function of the 
s t r a i n e n e r g y . A l s o , when enough w o r k has b e e n done , the va lue of Y° can 
be s e t equa l to z e r o . In th i s way , an a l l - h y d r o d y n a m i c d e s c r i p t i o n wi l l 
fol low, s ince the s t r e s s d e v i a t o r s wil l be se t equal to z e r o a u t o m a t i c a l l y 
by the above p r o c e d u r e and the r e m a i n i n g s t r e s s wil l be P . T i m e -
dependen t y ie ld ing can be r e p r e s e n t e d m a c r o s c o p i c a l l y by s e l e c t i n g a h igh-
y ie ld c o n s t a n t Y° if the s t r a i n r a t e s (EJ , C^, and Cj) a r e above s o m e p r e ­
s c r i b e d v a l u e . 

In the n e g a t i v e p r e s s u r e r e g i o n , the p r e s s u r e is cut off a t 
p = - Y Y° c o n s i s t e n t wi th a s i m p l e t e n s i o n t e s t . 



The comple te equat ion of s t a t e is g iven by 

Ol -P + Si, S, = 2Mle 

(i) 02 = - P + S2, ( i i ) S2 - 2Mlea 

3 V 

14 
3 V / 

- P + S, 

=2-=^(Y°)' ; 

S3 = 2;j(^e3 - 3 -

(iv) Si + S2 + S3 

(12) 

(iii) Sf +S^ +S^ - 3 , 

(v) P = P(V) , (vi) Min P 

C. E x p e r i m e n t a l Equa t ion of Sta te (Hugoniot) 

Cons ider a o n e - d i m e n s i o n a l shock wave t r a v e r s i n g a m a t e r i a l such 
that t h e r e is a s t r a i n in the X d i r e c t i o n and z e r o s t r a i n in the Y and Z 
d i r e c t i o n s . This is the g e o m e t r y w h e r e b y Hugoniot e q u a t i o n - o f - s t a t e data 
a r e obta ined. A shock ex i s t s that t akes the p r e s s u r e t h r o u g h an e l a s t i c 
s ta te to an e l a s t i c - p l a s t i c s t a t e . 

F o r o n e - d i m e n s i o n a l flow, the X, Y, Z c o o r d i n a t e s a r e the p r i n c i ­
pal d i r e c t i o n s , so by Eq. 6 the t h r e e s t r e s s d e v i a t o r s a r e 

Zp 

= 2 M 0 -

(^x-iv)' 

) 3 V , 

a n d 

*l»-i^|. 

(13) 

The total s t r e s s in the X d i r e c t i o n is 

Ox - P + S X (14) 

We will a s s u m e that Ojj is ob ta ined by Hugoniot n n e a s u r e m e n t s . F o r one-
d imens iona l flow, the equa t ion of con t inu i ty g ives 

ex v; 
V 



The complete equation of state for one-dimensional geometry is described 
by 

(i) Ox = - P + Sx; (iv) Sx + 2SY = 0, -

Sx = 2M^^ - j ^ j , (v) P = P(V); 

S Y = 2 M ( - ~ ) . (vi) M i n P = -i-Y°. 

(iii) s^ + 2s ' ^^{y°). 
X Y 5 ' 

Up to the elastic limit (point A in Fig. 3), 

(15) 

and 

Sx = 2/il 
V 3 3 v / ' (16) 

and 

P = K In V, 

Sx = j M In V = - 2 S Y , 

Ox = K In V + 1 jLi In V = (K +^ p) In V. 

At point A, 

sL + " v = TIY") ' , 

f ( f i l nA) ' = | (Y ' ' ) ' . 

Y" = 2M|lnVAl = ^ { ^ i ! ^ . 
•^ \ +2M 

( 1 7 ) 



X-K HUGONIOT P^S-

^ ^ . „u=ON,OT̂ ELASTic UMiT Hugoniot Curve for a M a t e h a l -

' " " ^ . R E C E N C E DENSITY dependent Yield SueHgth 

ACTUAL DENSITY 

113-1935 

T h i s g i v e s t h e m a x i m u m y i e l d s t r e n g t h Y° if t h e L a m e c o n s t a n t s 

a n d t h e H u g o n i o t e l a s t i c l i m i t a r e k n o w n . 

F o r p o i n t s b e y o n d A , 

w h i c h r e d u c e s t o 

S^ = ± 1 Y° ( f r o m E q . 15 i v ) . (18) 

T h e r e f o r e , t h e t o t a l s t r e s s r e s u l t i n g f r o m a s h o c k f r o m O x - 0 t o a p o i n t 

a b o v e A i s 

- ax = P(V) +-|Y°, 

where P(V) is the Hugoniot, which is e x p r e s s e d a s 

P(V) = A ( n - 1) + B ( n - 1)' + C ( n - 1)^; " = ^ • 

Here A, B , and C a r e cons t an t s such that 

P ( V ) + | Y ' ' 

r e p r o d u c e s the Hugoniot above point A and 

p(V) = K In V 

the Hugoniot below the e l a s t i c l i m i t A. 

Use of an equat ion of s t a t e g iven in Eq . 15 r e s u l t s in a loading 
path OAB and an unloading pa th BCD, a s shown in F i g . 4 . E x p e r i m e n t s 
on m e t a l s in the l o w - p r e s s u r e r a n g e (0-50 kb) have d e m o n s t r a t e d the 
di f ference be tween the P(V) and Hugoniot (ox) c u r v e s at high p r e s s u r e 
(hundreds of k i l o b a r s ) . F o r s o m e m e t a l s , the sound speed beh ind the 
shock has been m e a s u r e d to be 20% f a s t e r than that p r e d i c t e d by h y d r o -
dynamic t h e o r y . T h i s g ives r e a s o n to ex tend the l o w - p r e s s u r e m o d e l up 
to high p r e s s u r e s . F r o m a high p r e s s u r e , the m a t e r i a l un loads f i r s t 
e l a s t i c a l l y along BC; the s lope of the pa th is c h a r a c t e r i s t i c of the e l a s t i c 
unloading ve loc i t y . C o n s e q u e n t l y , the r a r e f a c t i o n wave t r a v e l s f a s t e r than 
it would if the m a t e r i a l un loaded e n t i r e l y along the P(V) pa th . 
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a , 

OR 
P 

0 

(Z/3)Y**^ 

K-'''''XX^ 

r 0 
'?-

ex* 

J^ 
(Z/SJY" 

-P(1JI 
A HUGONIOT ELASTIC 

LIMIT 

1 , ^ / ^ . l / v 

^ REFERENCE DENSITY 

a ACTUAL DENSITY 

Fig. 4 

Stress-Strain Curve for a 
Perfectly Plastic Material 

113-1935 

III. BASIC EQUATIONS 

T h i s s e c t i o n d e s c r i b e s the b a s i c c o n s e r v a t i o n l a w s , the equa t ion of 
s t a t e , the t r a n s f o r m a t i o n f r o m E u l e r i a n to L a g r a n g i a n c o o r d i n a t e s , and the 
f i n i t e - d i f f e r e n c e f o r m u l a t i o n of the L a g r a n g i a n c o o r d i n a t e s . 

A. C o n s e r v a t i o n L a w s of M a s s , M o m e n t u m , and E n e r IVj and the 
E q u a t i o n of S ta te 

I . Ma s s 

I n c r e m e n t a l f o r m 

p dV = p° dV" (19) 

w h e r e 

and 

p , dV = d e n s i t y and i n c r e m e n t a l volunne c h a n g e , r e s p e c t i v e l y , 
a t t i m e t > 0, 

pO, d v ° = d e n s i t y and u n d e f o r m e d i n c r e m e n t a l v o l u m e , r e s p e c t i v e l y , 
at t i m e t = 0. 

Di f fe ren t i a l f o r m 

du Sw u _ jO _ V 
d r 3z r p V ' 

(20) 

w h e r e 

u , w = r a d i a l and a x i a l v e l o c i t y , r e s p e c t i v e l y , 

and 

n, v = d e n s i t y and spec i f ic volunne, r e s p e c t i v e l y . 



2. M o m e n t u m 

5 ( P - Orr) ^Orz ^ ^ r r + ^zz 
Pr = pii = - ^ ^ + Bz •̂  r 

S ( P - O z z ) ^° 7,7.1 r z , " r z o^ 

and 

where 

P = h y d r o s t a t i c p r e s s u r e , 

u, w = r a d i a l and axia l a c c e l e r a t i o n s , r e s p e c t i v e l y , 

r , z = r a d i a l and axia l d i s p l a c e m e n t s , r e s p e c t i v e l y , 

t^rriOzz = r a d i a l and axia l s t r e s s e s , r e s p e c t i v e l y , 

Ogg, Oj.^ = t angen t ia l and s h e a r s t r e s s e s , r e s p e c t i v e l y , 

and 

and 

v 

(21) 

(22) p i = pw = - g ^ — + - ^ + — 

P = - i { a r r + oee + a^ J . (23) 

5 r r = Orr + P'- °zz = t^zz + P ' < " ) 

Ogg = Ogg + P = - ( O r r + O ^ z ) ; 'O-CT. = ^ rz - (25) 

''rriCTzz " r a d i a l and ax ia l d e v i a t o r i c s t r e s s e s , r e s p e c t i v e l y . 

3. E n e r g y 

E = - P v + v ( O r j . £ „ + Ogg£ee + O^z^zz + O r z ^ r z ) . (26) 

h - ^ . ' A - ^ • S u S w , , , . 

e r r - 3 ^ . £zz - ^ ^ ; £ r z = a l + ^ T ' ( " ) 

( e r r + E z z ) . (28) 



where 

E = internal energy per unit mass, 

^ r ' ^zz " radial and axial strains, respectively, 
and 

Egg, £rz - tangential and shear strain, respectively. 

4. Equation of State 

Since no known equation of state prevails for all materials, the 
form assumed is the Mie-Griineisen equation of state: 

P = P H + ^ ( E - E H ) . (29) 
7 

where 

P H = A(n- 1) + B(n- 1)' + C(n- 1)'n = - ^ = X" , (30) 
HQ V 

and 

^H-i^U^. (31) 

where 

Pp̂  = the Hugoniot curve known from experimental data, 
« 

7 = Griineisen's constant, 

and 

A, B, C = constants. 

B. Transformation of Conservation Laws into Lagrangian Coordinates 

In the foregoing equations, all dependent variables are functions of 
the Eulerian coordinates (r,z). For numerical computation, it is desirable 
to transfer from Eulerian coordinates to Lagrangian coordinates (I, J) for 
two reasons: 

1. In Lagrangian coordinates, the same particle is followed for all 
time steps; hence conservation of mass is satisfied automatically. 

2. In multiregion problenns involving contact surfaces, such sur­
faces can be identified easily, thereby permitting the correct equation of 
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s t a t e to be u sed . This is not t r u e in E u l e r i a n c o o r d i n a t e s . F o r e x a m p l e , 
for an a r b i t r a r y function F ( r , z) , the to ta l d e r i v a t i v e is 

, „ S F dF , 
d F = r̂— dr + r̂— dz. 

or dz 
(32) 

If the E u l e r i a n c o o r d i n a t e s a r e w r i t t e n in t e r m s of L a g r a n g i a n c o o r d i n a t e s . 

r ( l , J ) , = ( I . J ) . (33) 

then 

d F ^ dF dr dF dz 
d l dr dl dz dl (34) 

and 

dF _ dF d r dF dz 
dJ dr dJ dz d J (35) 

Solving E q s . 34 and 35 for ^ and ^ r e s u l t s in 
or dz 

dF 
dr " 

dF dz 
dl dl 

dF dz 
dJ dj 
dr dz 
dl dl 

dr dz 
dj dj 

1 
d(F,z) 

1 - d(I, J) 
d(r,2) 
d(I,J) 

(36) 

and 

dF 
dz 

dr 
dl 

dr 
dj 

dF 
dl 

dF 
dj 

d ( r , F ) d ( F , r ) 
d ( L J ) d ( I , J ) 

l i f ^ l d(r ,z) " ' d ( r , 2 ) • 
p^ SI d(i,j) aiiTTJ 
dr dz 

Idj d j | 

(37) 



The denominator turns out to be the area of a zone; hence we define A as 

A - S(r ,z) 
d(I,J) • 

so that Eqs. 36 and 37 become 

dF ^ 1 d(F,z) 
dr A d(I,J) 

and 

(38) 

dF 
dz 

1 d ( F , r ) 
A d ( l , J ) 

(39) 

Equations 39 represent the general transformation laws from Eulerian to 
Lagrangian coordinates, and A is the area of the element undergoing 
transformation. 

C. Conservation Laws in Lagrangian Coordinates 

1. Mass 

For numerical computation, the incremental form Eq. 19 is the 
best . When the volumes are expressed in te rms of Eulerian coordinates, 
Eq. 19 becomes 

_V_ 
V 

P_ 
P 

_27TrA 
27Tr''A'' 

rA (40) 

where 

0 0 0 A 0 

V , p , r , A variables at time t 

and A is given by Eq. 20. Equations 27 and 28 can be used to obtain another 
differential form of the mass equation. In this case , Eq. 20 becomes 

_V 
V • ( e r r + eee + ^^zz)- (41) 

Momentum 

On dividing Eqs. 21 and 22 by p, we obtain 

u = — 
P 

d(P - Orr) .̂  dorz 
dr dz , 

^Orz + Ozz 
Pr 

(42) 
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and 

d ( P - 5 ^ z ) ^ ° r z 

Using Eq. 40, E q s . 42 and 43 b e c o m e 

rA d(P - Orr) .̂  dor2 
dr dz 

(20r r + q z z ) A 
M" 

(43) 

(44) 

and 

rA 
M° 

S ( P - O z z ) + SOrz + g r z A 

M" 
(45) 

w h e r e 

M° = pOr^A". (46) 

The m o m e n t u m equat ions a r e t r a n s f o r m e d into L a g r a n g i a n c o o r d i n a t e s 
using Eq. 39, which g ives 

M'' 
" d ( P - Orr , z) ^ 5 ( 0 r z , r ) 

d ( I , J ) d(I , j ) . 
( 2 0 r r + g z z ) A 

M° 

and 

M" 

3. E n e r g y 

d ( P - O z z ' 0 ^ S(Or 
d(I ,J) d ( I , J ) 

^ ° r z A 

M" 

Using Eq. 39, E q s . 26-28 b e c o m e 

E = - P v + v ( 5 r r £ r r + a z z e z z +'^00^96 + <^r7.^rz^' 

• ^ I d (u , z ) _ I d ( w , r ) 
A d( I , J ) ' "-^^ ' ' A d ( l , j ) ' 

e r z = ^ 
d(w, z) d(u, r ) 
d ( l , J ) " d ( l , J ) . 

, and e. ( e r r +ezz ) -V ^'^rr ^ z z 

(47) 

(48) 

(49) 

(50) 

(51) 



4. Equation of State 

The large P in the energy equation is set equal to the hydro­
static p r e s su re plus an artificial viscosity t e rm, or 

P = p + q , (52) 

where 

[l.zfpo^,{yf. 

q H >• (53) 

For the p ressu re p, a Mie-Griineisen equation of state is used 

p = PH + ^ ( E - E H ) (54) 

and 

PH = A(n- 1) + B(n- I) ' + C(n- 1)', n = ^ . (65) 

where pH is the Hugoniot equation of state and 7 is Griineisen's constant. 
E H is determined from the third Rankine-Hugoniot condition. 

E H - Eo = i (PH+Po)(vo-v) . (56) 

Since E H >> EQ and P H » Po. Eq- 56 reduces to 

_ n - 1 
^H = r ^ H nPo 

For the s t r e s s e s , Hooke's law holds up to the Hugoniot elastic linnit and 
Von Mises yield cr i ter ion holds after that. 

a. Hooke 's Law 

° r r = 2 M ( S r - T ^ ) ^ ^ r ' ( " ) 

^zz = 2 K ^ " - T 7 ) ^ * z z ' (^«) 
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and 

O , , = UC + 6 , (60) 
^ r z (̂  r z r z ' ' 

w h e r e 

p = s h e a r m o d u l u s , 

6 = c o r r e c t i o n for ro ta t ion dur ing t i m e s t ep in c o m p u t a t i o n , 

i5rr = -iSzz. (61) 

, _ Ozz - Orr 
2 

• (cos 2tD - 1) + Oj.^ s in 2a), ((,2j 

Ozz " ' ' r r 
•^rz = (Jrz ('=os 2^" - 1) - ^ s in 2to, (63) 

a n d 

7du dw\ 
" \ d z " dry* 2 U z " drA (64) 

Using Eq. 39, Eq . 64 b e c o m e s 

^ A t m + i ["a(u,r) d(w, z)] 
2A Ld(I,J) d(I ,J)J-

b . P r i n c i p a l S t r e s s e s 

i [ ( O z z - 0 r r ) ' + ( 2 0 r z ) ' ] ^ 

2 i [ ( 0 z z - 5 r r ) ' + ( 3 a r z ) ' ] ^ (67) 

_ Pr r + Ozz 
Si - + 

Orr + O 
02 -

and 

S3 = "ee, 

where 

Ogg is a p r i n c i p a l s t r e s s . 

(65) 

(66) 

(68) 
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c . Von M i s e s Yie ld Condi t ion 

2J = S? + Si + Sf = d\,_ + oi,̂ _ + 53,+ 2 0 ^ , ^ UY") Li\fO\^ 
r z ZZ 

(69) 

w h e r e Y is the y ie ld s t r e n g t h of the m a t e r i a l . 

In t e n s i o n , the h y d r o s t a t i c p r e s s u r e can take a m i n i m u m of 

(70) 

D. F i n i t e - d i f f e r e n c e E q u a t i o n s in L a g r a n g i a n C o o r d i n a t e s 

P - - T Y • 

E 

B 

F 

A 

0 

1 

4 

C 

IH 1 

D 

I G 

Zone Identification 
for Finite-difference 
Equations 

The c o r r e s p o n d e n c e b e t w e e n the l e t t e r s and n u m b e r s in the i l l u s t r a ­
t ion, wi th L a g r a n g i a n c o o r d i n a t e s i s 

l = I + i , J + i 0 = 

2 = 1 + 1 , J - i A = 

3 = I - i J - i B = 

4 = I - i , J + i C = 

D = 

, J E = I + I, J - I 

+ 1, J F = 1 - 1, J - I 

, J - 1 G = l - 1 , J + 1 

- 1, J H = I + I, J + 1. 

, J + I 

F o r c o n v e r t i n g the d i f f e ren t i a l equa t ions in L a g r a n g i a n c o o r d i n a t e s 
into f i n i t e - d i f f e r e n c e f o r m , the following equa t ions a r e needed : 

| - [ ( F j - F 4 ) ( r A - r c + r o - ^ B ) " (^i - F^nr^- rQ + r^ - ^0)]; (71) 

J K F Z - F 4 ) ( Z A - Z C + Z D - Z B ) - (El - E 3 ) ( Z A - Z C + 2 5 - Z Q ) ] . (72) 

d(F , r ) 
d(I,J) 

d(F,z) 
d ( I , J ) 

In the equa t i ons that fol low, the s u b s c r i p t s r e f e r to the zone ident i f i ­
c a t i o n , and the s u p e r s c r i p t s to the tinne of o c c u r r e n c e . 



At a given t i m e t ^ . a l l the quan t i t i e s i " ^ ' ' , w " ^ " ' , u"^" 2, w'^'2, 

r m , and z™ at point 0, and E"^, A"^, p m , q m , p m , v m , o ™ , a ^ . o ^ , 

_m 7;m 7;m pjm ^m ^m c m j-m >m ;-m y m - ^ and A"" at po in t s 1, 
°rz> ° r r ' '^QQ- " Z Z - Oi • =2 • ^3 > "^rr- z z ' " r z ' ' f -
2, 3, and 4 a r e known f rom the in i t ia l data for m = 0 and f r o m the c o m ­
putat ion of the p r e v i o u s cycle for m > 1. 

At the beginning of a new cyc l e , t™"*"' i s c o m p u t e d f r o m 

,.m + i + At m+^ (73) 

where At ' " ^ ig the t ime s tep d e t e r m i n e d f rom s t a b i l i t y c o n s i d e r a t i o n s . 
The White s tab i l i ty n u m b e r for each zone is c a l c u l a t e d f r o m 

1.2 
1 + 3 p m v m \ / 'At 

/ l , 2 , 3 , 4 p^A™ 

1 , 2 
m - —N 

1.2 
+ 4 

A v ' 

1,2 ,3 ,4 
(74) 

w h e r e the s u b s c r i p t s a r e p e r m u t e d in s equen t i a l o r d e r . The t i m e i n t e r v a l 

Af^+a , to be used for the next cyc l e , is c h o s e n so tha t the m a x i m u m of the 
s tabi l i ty n u m b e r s with 

A t ^ + I 

sa t i s f i e s 

0.035 

•At ' -

•(S)" : 0 .14 , 

(75) 

(76) 

or 

0.225 < w m a x < 0 . 4 5 . (77) 

Once Atm+2 is found, the At™ is d e t e r m i n e d fr 

At'^ 
A t ^ + j + A t m -

(78) 

Next, the a c c e l e r a t i o n s u^n and w"^ a r e c a l c u l a t e d . F o r this pu r ­
pose , E q s . 47 and 48 a r e u s e d . F r o m E q . 46 , 

(M°)„ = (p^r^A")^ . 

Equation 79 is a p p r o x i m a t e d by a s s u m i n g tha t 

(M'')„ = i ( M ; + M 5 + M ° + M » ) , 

(79) 

(80) 
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f" - n" Y-" A " 
' 1 , 2 , 3 , 4 - P i , 2 , 3 , 4 " l , 2 , 3 , 4 ' ^ l , 2 , 3 , 4 -

a n d 

• ' , 2 , 3 , 4 - 4 

V" - 1 [tr-O 
'•1,2,3,4 -

1 /̂ 0 , 0 , 0 . 0 N 
4^ O'"."'" '^D,A,B,C H . E , F , G A , B , C , D y ' 

(81) 

(82) 

[ l ' ^A,E ,B ,D ' " " 0 , 0 , 0 , 0 ] i ^ H , A , 0 , D " ^ 0 , B , F , c j 

• 1 ' ' H , A , 0 , D " '^0,B,F,c)rA,E.B,D' ^D,0,C,GJJ ' 
(83) 

The accelerat ions a re 

m 
. m ""0 
'"' ' ' 8(M»)„ 

p m _ pm^ / -_m 

( f_m ^m\ I _m _m \ 1 / m m m m\ 
l^lP2 -P4 j - l O r r r ^ r j J K - ^ C ^ ^ D - ^ B ^ 

\ / - m - \ \ / m m m m \ l 
) - ( ° " . - ° r r 3 ) j K - ^ C + ^ B - ^ D ) j 

m r 

^^ = 8(M°), 

l / m m \ / m m m m\ / m m \ / m m m m\ I 
+ | ( a r z , - O r z , ) ( r ^ - r ^ +r^ - r ^ ) - ( o r z , - O r z , j ( r^ - r^ ^r^ - rj^ 

/ ( 2 5 - + 5 ^ J A - \ 

( ( P r - P 4 - ) - ( 5 r z , - r z j ) ( ^ r - ^ C - D - ^ B ) 

1/ m m\ / -nn —m \ \ / m m , m m \ 
({PT - P3 ) - ( Ozz, - Ozz,)] ( r ^ - ' c * ^B - --D ) 

l / m m \ / m m , m m'i / m m W,m m m m\l 
• | ( o r z , - O r z J ( - A ' " c " " D " " B ) " ^ ° " i ' ^ r z , ] K " " c * " B ^ D Ij 

. m . m . 



-"•aTz)A'"^ 
(86) 

M" 

a n d 

^ 1 , 2 , 3 , 4 

m , m \ / „ m m 
0 A \ O A 

rz rz 

M" / i \ M'' 

A , E , B , D " D , 0 , C 

m . m 
O A 

rz 

M° 

m . m 
O A 

r z 

M" 

\ / m 
, G ) 1 ^ H , 

^ 
A,0,D 0 , B , F , C / 

m 
' 'H,A,O,D' 0 ,B ,F ,C 

(87) 

) ( ' ' A , E , B , D " ^ D , 0 , C , G ) J . (88) 

In E q s . 84 and 85, t h e r e is the following c o m p l i c a t i o n : If r™ is 
taken for r = 0, then ii and z a r e z e r o , wh ich is p h y s i c a l l y i n c o r r e c t . Thus 
the t e r m r5"/(M°)g in both equat ions m u s t be modi f i ed in the following man­
n e r . Since the m a s s of each volume is cons tan t wi th t i m e in L a g r a n g i a n 
coo rd ina t e s , 

a n d 

M" = p^r^A" P m_mA m (89) 

Thus , 

M" p m r m A m p m A m 

m 
To 

(U\ ( P ^ A ^ ) ^ 

(p^Am)^ = i [ (pmAm)^ + ( p ^ A m ) ^ + ( p m A ^ ) ^ + ( p m A m ) J 

(90) 

(91) 

(92) 
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a n d 

M „ m _ "M,2,3,4 
"1,2,3,4 ~ m .nn 

'•l,2,3,4-"-l,2,3,4 

T h e r e f o r e , the final f o r m for the a c c e l e r a t i o n s i s 

- 1 

(93) 

a n d 

. m 
Uo = 8 (pmAm) [ ( p r - P 4 - ) - ( C r 2 - o T r 4 ) ] ( ^ 

m m , 
A - "C ^ " 

m m \ 
D - ^ B ) 

_,m „ m \ /—m —m \1 / m m , m m \ l 
P i - P 3 ) - ( O r r r O r r 3 J j K " ^C + ^ B - ^ D ) | 

{f / m m \ / m m m m \ 

[ ( O r z , - O r z j ( r A - ' ^ C + - ^ D - ' ^ B ) 

/ m m \ / m m , m m'vl l 
- ( O r z r O r z 3 ) ( ' - A - ^ C + ^ B - ^D ) J | 

f25™ +5"^) A™" \ r r zz / 

M° 
(94) 

. m 
Wo J(pmAm)„ 

[f m „ m \ f-m - m "vl / m m m m'\ 
[(P2 - P4 j - iOzz2-«zz4JJ l^A - r e + r p r^) 

• m m \ / - m - m \1 / m m m m \ l 
P i - P3 ) - (Ozz, - OzZ3)J (rA - r c + r e - r o j j -

I f / n n m \ / m m , m m \ 
+ • ^ [ ( O r z ^ - ° r z 4 J ( ^ A " ^ C + ^ 0 " ^ B J 

/ m m \ / m m , m mN] I 
- (Orz i - Orz3) (^A " =̂ C "̂  ^B ' ^D j j j 

M " 
(95) 



The other equat ions r e m a i n the s a m e . New v e l o c i t i e s a r e c a l c u l a t e d f r o m 

I 1 I 

m+-2 m - ; 

a n d 

(96) 

m+7 m - 7 . m . m /^.-,\ 
Vo ^ = Wo ^ + At wo , (97) 

whe re Atr" is given by Eq. 78. 

Next, the new pos i t ions a r e ca lcu la ted f rom 

m+i m , , m+T m + j 
ro = ro +At ^ Uo ^ (98) 

a n d 

m+i m m+-j m+-5 
Zo = Zo + At Wo (99) 

and the new a r e a s f rom 

, m+i 
' • ^ ' ^ ' ^ 2 [V A , E , B , D D , O , C , G M H , A , 0 , D 0 , B , F , C / 

- ( r ' " r"""^ \ f m+i m+i \n 
\ H,A,O,D"' 'O,B,F ,CM^A,E,B,D'^D,O,C,G)J ''°°) 

In the r e s t of the equa t ions , a n u m b e r of q u a n t i t i e s wil l be needed a t 

t . These a r e obtained by subs t i tu t ing 

, 1 _,m+l rn 
pnn+j ^ F + F 

2 (101) 

for 

F = r , z , A , v , o ^ ^ , 5 g g , 5 ^ ^ , o^^. (102) 

Specific volume and spec i f ic vo lume r a t e a r e ca l cu la t ed f rom 

vr:2 3 4 = i^^W<Ui vi""' . ^Z:I..AY:;,I,. 
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and 

. m+-5 
^ 1 , 2 , 3 , 4 

m+1 m 1 
^ 1 , 2 , 3 , 4 - Vi 2 .3 .4 m + T 

• '^1 ,2 ,3 ,4 

m+1 , m 
' 1 , 2 , 3 , 4 + V i , 2 , 3 , 4 

1 
Atm+ 2 

S t r a i n r a t e s a r e c a l c u l a t e d f r o m E q s . 50 and 51 to give 

( e r r ) ' " " ^ 

(104) 

'••'^1,2,3,4 

1 ( m + 1 m + i \ I m + i m + i \ 
i + i L̂  A , E , B , D " " D , 0 , C , G / r H , A , 0 , D ' ^ 0 , B , F , C / 

/ m + i m + i \ I m + i m + i \ 
\ " H , A , 0 , D ' " 0 , B , F , C / \ A , E , B , D " ^ D , 0 , C , G / 

(105) 

^ z z 1,2,3,4 , . r n + i L\ A , E , B , D " ' " D , 0 , C , G / \ H , A , 0 , D " ' ' 0 , B , F , C / 
'^•^1.2.3.4 

/ m + i m + i \ / m + i m + i ^ 
\ ' ^ H , A , O , D " ^ O , B , F , C / V A , F , B , D " " " 0 , 0 , 0 , 0 , 

(106) 

and 

,. ,m+i /v\m+i 
^^e0'i,2,3,4 - Vv^ 

,. ,m + 2 .. vm+i 
'err) i ,2 ,3,4 + ( e zzV2 ,3 .4 j ' 

(107) 

. . m + i I ff/ m + i m + i \ / m + i m + i \ 
'=^1,2,3,4 " , , r n + i U v A , E , B , 0 " * D , 0 , C , G A ^ H , A , 0 , D ' ' ' 0 , B , F , C / 

^ A l 7 -t A ,2,3,4 

fw"^^^ -w'"^^ )fz"^^^ -z""^^ y 
V H , A , O , D 0 , B , F , C / \ A , E , B , D D , O , C , G / 

'/ m + i m + i \ / m + i m + i \ 
\ " A , E , B , D " " 0 , B , F , C / V H , A , 0 , D " " " 0 , 6 , F , C / 

/ m + i m + i \ / m + i m + i \ "1 
\ " H , A , O , D " " O , B , F , C / V A , E , B , D " " " 0 , 0 , 0 , 0 / ] / • 

(108) 
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T o t a l s t r a i n s a r e c a l c u l a t e d b y m u l t i p l y i n g E q s . 1 0 5 - 108 b y A t 2 

g i v i n g 

( A e r r ) " " ^ ' - v - r r -
'̂ '̂  1,2,3,4 r r - , 2,3,4 

E r r ) ' At r r ' i , 2 , 3 , 4 

m + T . . m + T 
( A £ z z ) r ' \ = ( e z z ) ' ' ' \ A t 

, 1 .1 

a n d 

( A £ , J - + 2 ._ ( e ^ j m + 2 ^^m+j_ 
^ ^ ^ ' l , 2 , 3 , 4 ^ ^ 1 , 2 , 3 , 4 

1 1 1 1 _L 1 

(^^ee),,2,;,4 = (-9e),_,;_,At ^ 

T h e e l a s t i c d e v i a t o r s t r e s s e s a r e c a l c u l a t e d n e x t : 

, m+-2 m + T .1 m + 1 m 

( O r r ) 
1,2,3,4 

, . n i T j . m + T .1 r n r i m 
/ A v \ fv\ m + 7 Vi , 3 4 - Vi 2 3 4 
^ ^ ' '1,2,3,4 = i v Ji,2,3,4 ^ ' = ; ; ; ; T 

Vl 

/- r̂n .^m+i (^ W + i 
( O r r ) + A t U r r i 

mH _ 
' ' . 2 .3 .4 

1,2,3,4 

/— \ i i i 

( O r r ) + 2f 
1,2,3,4 

(Â rr)"̂ '̂  -ii^r'' 
1,2,3,4 -3 \ V / 1,2,3,4 

(o ) ^ z z ' 
m+1 

1,2,3,4 
(5 ) - +At ' "+^(5 )""^^ 

1,2,3,4 \ 2 ^ ' l , 2 , 3 , 4 

= (Ozz) + 2M 
1,2,3,4 

,. ,m+i 1 /Av-^m + i 
(A^zz) - T i v j +6 j 

1,2,3,4 -̂  ^ ^ '1,2,3,4 J ^ 

, m + i 
(oee) = (099)' 

1,2,3,4 

m . m+i II. \ m+i 

1 . 2 , 3 , 4 ^ ^ ' ^ ° ^ ^ ) . , 2 , 3 . 4 

-oeer + 2.[(AEge)"-^^ - H^r'" I 
'.^.3.4 L 1,2,3,4 ^ ^ ^ ' l , 2 , 3 , 4 j 

(109) 

(110) 

(111) 

(112) 

(113 ) 

+ 6 r r . ( 114 ) 

(115 ) 

( 1 1 6 ) 
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(Orz) 
m + 1 , 1 .1 

/ \m . m+T /. ,m+"T 
(Orz) +At M o ^ ^ ) 1,2,3,4 1,2,3,4 

= (Orz)" ' + 2M 
1 , 2 , 3 , 4 

(^Sz) 
+i . i ( A v W + 2 

1 , 2 , 3 , 4 
+ 6. (117) 

( ^ r ) •(6, (118) 

(^zz) 
(Ozz), , . - (Orr) 

1 '2>3 ,4 1 , 2 , 3 , 4 

2 
(cos 2 J )• ,m+i . i] 

' . 2 ,3 ,4 J 

, / \'ri , . , ,m+2 
+ (o ) (sin 2aj) ^ 

1 , 2 , 3 , 4 1 ,2 ,3 

( ^ z ) = (Orz) 
1 , 2 , 3 , 4 1 , 2 , 3 , 4 

(cos 2CD) ^ - 1 
1,2,3,4 

(5,J z^-.,2,3,4 ' ^ ° r r ) 
m 
1,2,3,4 (sin 203) m+-2 

1,2,3,4 ' 

(119) 

(120) 

(s in OD) ^ '1,2,3,4 
A t 

m+-5 

4Ay 
f m+7 m+j ]( m+7 m+7 j 

" A , E , B , O ' " D , O , C , O / V H , A , O , O " " 'O,B,F,C/ 

( m+7 m+7 N / m+7 m+7 X 

" H , A , O , D " " O , B , F , C / V " ' A , E , B , D " " " 0 , 0 , 0 , 0 / 

/ m + i m + i \ / m + i m + i \ 
r A , E , B , D " * D , 0 , 0 , 0 / r H , A , 0 , D " ^ 0 , B , F , C / 

fw""+^ - w - ^ ^ ^ )(z'^^'' - z " ^ t ^ i l l 
\ H,A,0 ,D 0 , B , F , C / \ A , E , B , 0 0 , 0 , 0 , 0 / J 

(121) 

The p r i n c i p a l s t r e s s e s a r e g iven by 



(s f^^' 
* ' ' 1 . 2 . 3 . 4 

, - , m + l ,— i m + i 

' ° r r ) . , 2 . 3 . 4 + ' " ^ ' ^ ' 1 , 2 , 3 , 4 

2 \ l Z ^ 1,2,3,4 ^'^ 1,2,3,4 

(20 ) 
^ rz ' 

m + 1 

1,2,3,4_ rf (122) 

,_ ,m+l , , - vmri 
,„ ,m+i ( O r r ) , 2,3,4 * 'Oz '^^ ,2 ,3 ,4 
^^2'l,2,3,4 " 1 

i{[(ozz)-::,4-(orr)-2::,4]^^Kz)r2::,4j} 2 ^ 1 2 

( 1 2 3 ) 

a n d 

, , m + i , - , m + i 

<23 ) i , 2 ,3,4 = < " e e ' i , 2 , 3 , 4 
(124 ) 

The Von Mises Yield Condition is given by 

2J m + 1 
(si)r̂ 2:3,4j ^ (S2) 

1,2,3,4 ' ^ ^ ' 1 , 2 , 3 , 4 (125) 

then, 

m+1 _ m+1 2 , 0^2 
^ 1 , 2 , 3 , 4 - "^^1,2,3,4 3 I Y ) • (126) 

If K < 0, the deviator stresses are used unchanged in calcula-
, . ,,m+i , n ,, ^ :;rn+i -m+i -m+i , m+i ,^. , . j , 

tion. If K > U, the terms o , o , OQQ , and o are multipliedby 

(127) 

and the new values are used. 

The next quantities--pressure and internal energy--are determined 
by solving the equation of state and the energy equation simultaneously 
from 

prn+i _ x^m+i m+i 
••^^1,2,3,4 - 1^^1,2,3,4 + 1 1 , 2 , 3 , 4 (128) 



m + 1 
1 ,2 ,3 ,4 P H + 

m+1 
• ^ 1 . 2 . 3 , 4 

( E T ? 2 , 3 , 4 - E H ) . (129) 

m + 1 

m + 1 
(1-2) Pl,2,3,4Ai,2,3,4 / . m + T 1̂  

/ m+1 
1^1,2,3,4, 

V 1,2,3,4/ Av < 0 

Av > 0 

and 

m+1 nn 
„ m + i _ m Pi,2,3,4 + Pi,2,3,4 / m+1 m \ 
^1,2,3,4 - •t.1,2,3,4 - 2 (,^1,2,3,4- Vi,2,3,4J 

^^Y^ZLA ( O r r A e r r + O z z A £ 2 z + OeeA£g0 + a„A£^^)^^^^ '_^. 

The to ta l s t r e s s e s c o m p u t e d f r o m 

, .m+1 , - .m+1 „ r n + i 
0 = o - P ; 

r r ' i ,2 ,3 ,4 r r ' j , ^ , 3 , ^ 1,2,3,4 

, .m+1 ,_ .m+1 „ m + i 
(' 'zz)i,2,3,4 = (' 'zz)i,2,3,4 " ^1,2,3,4' 

(000) 
m + 1 - ,m+i 

(Oee) - p 
m + 1 

, 2 , 3 , 4 1 ,2 ,3 ,4 

(130) 

(131) 

(132) 

The f inal c a l c u l a t i o n is the e n e r g y of the r eg ion of a check on the 
a c c u r a c y of the c a l c u l a t i o n s . The i n t e r n a l e n e r g y added by zones is 

(IE)'-- = 2HXK-;' .mJ,, . (133) 

I,J 

and the k ine t i c e n e r g y is 

(KE)"""' = ^Y [(^Uj'f " (*rj")l (M?+M5+M?+M°). (134) 
I,J ' 

T h i s c o m p l e t e s one cyc le of c a l c u l a t i o n . 



IV. SAMPLE PROBLEM 

A. Reactor Configuration 

Consider a typical LMFBR core of stainless steel-clad, oxide fuel 
pins supported in stainless steel grid plates and cooled by liquid sodium. 
As shown in Fig. 5, the core is surrounded by a radial blanket, an upper 
blanket and plenum, and a lower blanket, all immersed in the sodium 
coolant. The sodium is blanketed with argon gas and is contained in a steel 
vessel. This vessel is installed within a concrete cavity that has a rotating 
shield plug at the top. Also shown are the pertinent dimensions and 
Lagrangian meshes. 

z 

s PLUG 

12.50) 

/ 

SODIUM 

' I 

PLENUM 

1 1 1 1 
AXIAL BLANKET 

AXIAL BLANKET 

^ I 
SODIUM 

-ST 

-, -J l 

PLATFORM 

I I I I 
RGON . 

_ 1 -
LiJ 

":3 - -
( U 

1 

< Z] 

-< - 3 Q: 

EEL 
1 1 
1 1 . 
iRGON IT 
I I I I - IL . I_ 

(49.50) 

IT 

^y ^ 

ZONES 

R 

k 20 AT T 9 • IMCm 
22 29 11 
| < A T r S > » SCmBi IS AT T.S t tT Bcm 

42 45 (49,2) 
TAT 7.9 • M s o n 

Fig. 5. Lagrangian Grid for Sample Problem 



B. Excursion Model 

It is assumed that, at the s ta r t of the power excursion, the core is 
molten and the sodium has been vaporized and expelled from the core r e ­
gion, but the blankets a re still intact. During the excursion, the energy 
re lease is so rapid that the molten oxide fuels are vaporized and super­
heated to a high tempera ture and p r e s s u r e . At the end of the excursion, 
the core consists of h igh-pressure oxide vapor, surrounded by the blankets 
and liquid sodium in their preexcursion state. 

The equation of state for the core oxide is assumed to have the 
form 

P = ^ - P ( - E T D ) - (^"' 

where p is the p r e s s u r e , E is the internal energy, and B, O, and O are 
constants. The equations of state for the blankets, plenum, steel , and 
sodium are the Mie Griineisen type, 

P = P H + V ( E - E j ^ ) , (136) 

where Pj.j and Epj are the p ressu re and internal energy, respectively, 
along the Hugoniot curve, 7 is the Griineisen coefficient, and v is the 
specific volume. The equation of state for argon is 

_ (n - 1) E 

where n is the isentropic coefficient. Values of B, C, D , 7 , n, V, and Ppj 
a re read into the program inputs. 

C. Results 

Figure 6 shows the initial layout and time sequence of the Lagrangian 
gr ids . P r e s s u r e profiles along R(I) = 2 and Z(J) = 26 are shown in Figs . 7 
and 8, respectively. 

The computation was terminated at t = 808 fJsec, when the force 
acting on the plug exceeded the strength of the plug holddown device. The 
total computer time is about 60 min. 
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Fig. 0. Deform^tioii of Lagrangian Grids at Various Times after Start 
of a Power Excursion in a "Pancake" Core Configuration 
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Fig. 6. (Contd) 
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Fig. 7. Pressure Profiles along Core Vertical 
Centerline at Various Times 

113-1933 



113-1934 

Fig. 8. Pressure Profiles along Core Horizontal 
Axis at Various Times 
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A P P E N D I X A 

C o m p u t e r P r o g r a m 

1, Input Informat ion Requ i r ed 

The following c a r d t y p e s , which a r e r e q u i r e d as input i n f o r m a t i o n 

to the p r o g r a m , a r e l i s t ed in the o r d e r in which they m u s t a p p e a r m the 

da ta deck. 

C a r d 
Type Columns 

1-72 

1-6 

7-12 

13-18 

19-24 

25-30 

31-42 

43-54 

55-66 

F o r m a t 

(18A4) 

FORTRAN 
N a m e 

T I T L E 

(5I6,3F12.0) 

IMAX 

JMAX 

KBl 

KB2 

KB 3 

TIME 

D E L T 

D E L T M 

D e s c r i p t i o n 

T i t l e c a r d : 71 c h a r a c t e r s of 
a l p h a - n u m e r i c s for p r o b l e m 
iden t i f i ca t ion . Co lumn 1 must 
be b lank . 

N u m b e r of zones in the rad ia l 
(R) d i r e c t i o n . 

N u m b e r of zones in the axial 
(Z) d i r e c t i o n . 

B o u n d a r y - c o n d i t i o n indica tor 
for the top s u r f a c e (upper Z). 
KBl = 0: F ixed s u r f a c e 
KBl = 1: F r e e s u r f a c e 

B o u n d a r y - c o n d i t i o n indicator 
for the c y l i n d r i c a l su r face . 
KB2 = 0: F ixed su r f ace 
KB2 = 1: F r e e su r f ace 

B o u n d a r y - c o n d i t i o n indicator 
for the bo t tom su r f ace 
( lower Z). 
KB3 = 0: F ixed su r face 
KB3 = 1: F r e e s u r f a c e 

In i t ia l p r o b l e m s t a r t i n g t ime , 
in s econds . 

In i t ia l t ime i n t e r v a l , in 
s econds . 

Maximum t i m e i n t e r v a l , in 
s econds . 
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Card 
Type Columns Format 

FORTRAN 
Name Description 

(5F12.0) 

1-12 CYCLM 

13-24 

25-36 

TMAX 

DISTM 

37-48 DEI 

49-60 DE2 

(1216) 

1-6 lOUA 

Stop cycle. Allows the prob­
lem to be terminated after 
stop cycle. (If CYCLM = 0 or 
blank, the program sets 
CYCLM = 10000.) 

Maximum time, in seconds. 
Allows the problem to be t e r ­
minated after TMAX seconds. 
(If TMAX = 0 or blank, the 
program sets TMAX = lOOOO.) 

Maximum distortion index. 
Allows the problem to be t e r ­
minated if the distortion index, 
on any zone in the problem, ex­
ceeds DISTM. (If DISTM = 0 
or blank, the program sets 
DISTM = lOOOO.) 

Instability warning indicator. 
If the percentage change in the 
total energy is greater than 
DEI, the program ignores 
lOUA instruction on card of 
ty^e 4, and prints full-accuracy 
output every cycle. (If DEI = 0 
or blank, the program sets 
DEI = O.OOl.) 

Instability control parameter . 
Allows the problem to be te r ­
minated if the percentage 
change in the total energy from 
the initial total energy exceeds 
OE2. (If DE2 = 0 or blank, the 
program sets OE2 = 0.005.) 

Pa rame te r to deternnine the 
full-accuracy printout. 
lOUA > 0: Ful l -accuracy out­
put every lOUA cycle. 
lOUA = 0: No printout. 
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Card 
Type 

4 
(Contd. 

Columns 

7-12 

Format 

FORTRAN 
Name 

INUMBA 

13-lf IOUB 

19-24 lOUC 

25-30 lOUT 

Description 

Maximum number of full-
accuracy printouts. After the 
number of full-accuracy print­
outs exceeds INUMBA, the pro­
gram prints the full-accuracy 
printout for the last cycle only. 

Parameter to determine the 
limited 2-dimensional (2-D) 
printout. 
IOUB > 0: Limited 2 -0 output 
every IOUB cycle. 
IOUB =0: No printout. 

Parameter to determine film 
output. (IBM 2280 Film Re­
corder Picture Display.) 
lOUC > 0: Film output every 
lOUC cycle. 
lOUC =0: No film output. 

Parameter to determine re­
star t capabili ty--usage of 
auxiliary tapes 8 and 9. 
lOUT = 0: Tapes 8 and 9 are 
not used. 
lOUT = 1: After the computa­
tion is terminated, the program 
writes the output data on a bi­
nary tape 8, so that the prob­
lem may be continued later. 
lOUT = Z: Continuation of the 
problem from a previous run. 
P rogram reads the input data 
from a binary tape 9. 
lOUT = 3: P rogram combines 
both. 
lOUT = 1 and lOUT = 2 capa­
bilities: Progrann reads the 
input data from a binary tape 9 
and also writes the output data 
on a binary tape 8 for later 
continuation. 

Note: For lOUT = 2 and 3, the input to the program is on tape 9; thus 
cards of type 5 to 19 are omitted and only cards of type 1 , 2 , 3 , 4, 20, 
21, 22, 23, and 24 are required. 
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C a r d 
Type C o l u m n s 

1-9 
10-18 
19-27 

F o r m a t 

(8F9 .0 ) 

F O R T R A N 
N a m e 

R(2,2) 
R(3 ,2) 
R(4 ,2) 

D e s c r i p t i o n 

In i t i a l g r i d d i m e n s i o n s - - r a d i a l 
d i r e c t i o n . 

Rl,2; 1 = 2 . 3 , 

U s e a s m a n y c a r d s of type 5 as r e q u i r e d ; n = IMAX + 2. 

{8F9.0) 

1-9 
10-18 
19-27 

Z(2 
Z(2 
Z(2 

.2)\ 

.3) \ 
,4) J 

In i t i a l g r i d d i m e n s i o n s - - a x i a l 
d i r e c t i o n . 

Z i . j , J = 2, 3, 

U s e as m a n y c a r d s of type 6 as r e q u i r e d ; n = JMAX + 2. 

1-6 

1-6 

7-12 

13-18 

19-24 

25 -30 

(16) 

(7 I6 ,2F9 .0 ) 

NSEC 

K R l k 

KR2^ 

K Z l ^ 

KZ2i^ 

K T l k 

Nunnber of r e c t a n g u l a r s e c ­
t ions into which the g r id is 
subd iv ided . 

Sec t ion c a r d s . 

S t a r t i n g zone n u m b e r in the 
r a d i a l d i r e c t i o n . 

F i n a l zone n u m b e r in the r a d i a l 
d i r e c t i o n . 

S t» r t i ng zone n u m b e r in the 
ax ia l d i r e c t i o n . 

F i n a l zone n u m b e r in the axia l 
d i r e c t i o n . 

M a t e r i a l i n d i c a t o r . 
K T l k = 1 ( co re ) 

2 ( sod ium) 
3 ( s t ee l ) 
4 (a rgon) 
5 (axial 

b lanke t ) 
6 ( r a d i a l 

b l anke t ) 
7 (p lenum) 
8 (wa te r ) 

As u s e d in 
• the s a m p l e 

p r o b l e m . 

3 1 - 3 6 KTZi M a t e r i a l p h a s e i n d i c a t o r . 
KT2k = 1 ( so l ids or l i qu ids ) 

2 (vapo r ) . 



C a r d 
Type 

8 
(Contd.) 

Columns 

37 -42 

F o r m a t 

10 

I I 

43-51 

52-60 

1-6 

1-9 

10-18 

19-27 

28-36 

37-45 

46-54 

55-57 

1-9 

10-18 

(16) 

( 6 F 9 . 0 , I 3 ) 

(6F9.0) 

FORTRAN 
Name 

KTMk 

RDD 

ZDD 

NMAT 

AAfc 

BB. 

C C L 

CRHO|, 

CEk 

CP, , 

KKKk 

CWN, 

CWBk 

D e s c r i p t i o n 

P a r a m e t e r d e s c r i b i n g the types 
of input u s e d for zone p r o p e r t i e s 
( p , E , P ) . 
KTMk = 1: Input for all zones 
in th is s ec t i on is on c a r d s of 
type 10. 
KTMk = 0: Input for each zone 
in th i s s e c t i o n is on c a r d s of 
type 14. 

In i t i a l r ad i a l v e l o c i t y , in 
c m / s e c 

Ini t ia l ax ia l v e l o c i t y , in 
c m / s e c . 

N u m b e r of d i f fe ren t m a t e r i a l s . 
NMAT m u s t be equal o r g r e a t e r 
than any K T l ^ on c a r d s of 
type 8. 

C o n s t a n t s for equat ion of 
s t a t e (gaseous m a t e r i a l s ) : 
C o r e P = a exp [ - b / ( E + C)]. 

Argon P = a E p . Used only 
when KT2k = 2 for the s a m e 
m a t e r i a l . 

In i t ia l d e n s i t y pQ, in g / cm^ . 

In i t i a l e n e r g y EQ, in d y n e - c m / g . 

In i t ia l p r e s s u r e P„, in 
d y n e s / c m ^ . 

N u m b e r of P P j and VVj va lues 
on c a r d s of type 12. P P j and 
VVj r e p r e s e n t Hugoniot c u r v e for 
the m a t e r i a l . I I K K K ^ ^ O , 
c a r d s of type 12 a r e not u sed . 

PB 

C o n s t a n t s for s t ab i l i t y 
c r i t e r i o n ( s ee Eq. 74). 
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Card 
Type 

11 
(Contd.) 

CoU Format 

19-27 

FORTRAN 
Name 

CPLGi, 

12 

13 

28-36 

37-45 

CYOk 

CNUk 

Description 

The maximum allowable s train 
for the mater ia l . The problem 
will be terminated when the 
strain in any zone exceeds 
CPLGk- If CPLGk £ 0, the 
calculation of s t ra ins and 
s t r e s ses for the mater ia l is 
omitted. 

Material yield strength in 
dynes/cm^. 

Material Poisson 's ratio. 

Note: CYOk and ONUk are used only when CPLGk > 0. 

(8F9.0) Hugoniot curve points. Used 
only when KKKk > 0. 

~) Prj are the p ressure 
1-9 PPk.l (^H)i values in kilobars on 

Hugoniot curve for the 
10-18 VVk.i (V/Vo)j specified material k. 

MV/Vo)! are the ratios 
19-27 PPk,2 ( P H ) ^ of the specific vol­

umes for the (PH)T 
28-36 VVk,2 (V/Vp)^ values. 1 = 1,2 

J KKKi,. 

Use as many cards of type 12 as required: 0 < KKK rs 50. 
Note: The Hugoniot curves on cards are in increasing order of V/Vj. 

{8F9.0) 

1-9 

10-18 

19-27 

28-36 

37-45 

POk 

ROK 

EOk 

GOk 

COk 

Constants for mater ia ls that 
are using the Hugoniot table. 
Used only when KKKk > 0-

Initial p ressure at which the 
Hugoniot curve is calculated, 
in dynes/cm^. 

Initial density for the Hugoniot 
curve, in g/cm . 

Initial specific energy for the 
Hugoniot curve, in dyne-cm/g. 

7 i : Mie-Griineisen coefficient. 

7^: Additional Mie-Griineisen 
coefficient; used when mater ia l 
is steel for Pp^ > 131 kb, or 
water for P H > 136 kb. 
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C a r d 
Type 

14 

15 

Columns 

1-3 

4-6 

7-15 

16-24 

25-33 

34 -42 

4 3 - 5 1 

52-60 

61 -69 

70 -72 

73 -75 

1-6 

F o r m a t 

FORTRAN 
N a m e 

(213,7F9.0,213) 

(516,F12.0 , 
216,F12.0) 

" l , J 

J J l , J 

R C l l . J 

Z C l i . j 

R D O T i , j 

ZDOT I,J 

R H O I,J 

^-I.J 

" l . J 

K T X I ,J 

K T Y I,J 

K P P 

D e s c r i p t i o n 

C a r d input for ind iv idua l zones . 
Used only when KTMk = 0 on 
c a r d of type 8, 

Zone n u m b e r in the r a d i a l 
d i r e c t i o n . 

Zone n u m b e r in the ax ia l 
d i r e c t i o n . 

Rad ia l d i m e n s i o n , in c m . * 

Axial d i m e n s i o n , in c m . * 

Rad ia l ve loc i ty , in c m / s e c * 

Axial ve loc i t y , in c m / s e c * 

Dens i t y , in g / c m . 

Specif ic e n e r g y , in d y n e - c m / g . 

P r e s s u r e in d y n e s / c m . 

M a t e r i a l i n d i c a t o r , s a m e iden­
t i f i ca t ion as K T l k ° " c a r d of 
type 8. 

M a t e r i a l p h a s e i n d i c a t o r , s a m e 
iden t i f i ca t ion as KT2k on ca rd 
of type 8-

P a r a m e t e r s to d e s c r i b e the 
plug and p l a t f o r m ca l cu l a t i ons 
(upper s u r f a c e ) . 

P a r a m e t e r tha t d e t e r m i n e s 
w h e t h e r p l a t f o r m nnotion is to 
be c a l c u l a t e d . 
K P P = 1: P l a t f o r m mot ion is 
c a l c u l a t e d a c c o r d i n g to MZ + 
CZ + KZ = F( t ) , w h e r e M is 
the to ta l m a s s of the p l a t f o r m . 

* These values are the displacements and velocities at the lower left corner of the individual zone. 

Note: When KTMĵ  = 0 on card of type 8, cards of type 14 must be entered in the following order for each 
section: Fir$r. cards having J = KZlĵ  arranged in the hicreaslng order of I. i.e., from 1 = KRlĵ  to 1 = KR2ĵ  
Next, groups of cards having J = KZl;, -r 1, KZlj, + 2, etc., until J = KZ2 .̂ In each group, cards are again 
arranged in increasing order of I. i.e., from I = KRl;, to I = KR2̂ . KR1|,, KR2;j. KZlĵ . and KZ2|̂  are de­
fined on cards of type 8. 



Card 
Type Columns Format 

15 1-6 
(Contd.) 

FORTRAN 
Name 

KPP 
(Contd.) 

7-12 

13-18 

19-24 

25-30 

31-42 

Note: KPP l , 

43-48 

KPPl 

KPP2 

KPPX 

KPPC 

Note: 

Description 

KZ is the spring force, CZ is 
the damping force, and F(t) is 
the total force applied by the 
system on the platform. 
KPP = 0: No platform 
calculations. 

Radial zone number where the 
platform s ta r t s . 

Radial zone number where the 
platform ends (KPP2 > KPPl) . 

Number of CXj and CXDj val­
ues on cards of type 16, where 
the spring force KZj versus Zj 
is tabulated. If KPPX < 0, KZ 
is set to zero. 

Number of CVj and CVDj val­
ues on cards of type 17, where 
the damping force CZj versus 
Zjis tabulated. If KPPC £ 0, 
CZ is set to zero. 

Total mass of platfornn, in 
grams. 

KPPX, and KPPC ar» used only when KPP = 1. 

KPLl Pa ramete r to determine plug 
calculations. If KPLl > 0, the 
total force applied by the sys­
tem on the plug is calculated. 
KPLl indicates the number of 
the first radial zone of the 
plug. 

KPL2 Number of the last radial zone 
of the plug (KPL2 2: KPLl) . 

PLUG Allowable plug force, in dynes. 
Problems will be terminated 
when the force acting on the 
plug exceeds PLUG. 

KPL2 and PLUG are used only when KPLl > 1. 

PMASS 

KPP2 
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C a r d 
Type 

16 

17 

18 

19 

Columns 

1-9 

10-18 

19-27 

28-36 

F o r m a t 

(8F9.0) 

FORTRAN 
N a m e 

CXi 

CXDi 

CX, 

D e s c r i p t i o n 

KZj v e r s u s Zj t a b l e . U s e d only 
when K P P X > 0 o.i c a r d of 
type 15. 

KZl 

Zl 

KZj 

KZj is the s p r i n g fo rce , in 
' d y n e s , for the d i s p l a c e ­

m e n t Z J , in cm. 

CXD, "2 J 

Use as many c a r d s of type 16 as r e q u i r e d . 

Note- The KZj v e r s u s Zj va lues a r e en t e r ed in p a i r s in i n c r e a s i n g 

^Td i r of Z I , s t a r t i n g with Zi (= 0), ^^ to Z K P P X -

(8F9.0) 

1-9 

10-18 

19-27 

28-36 

CVi 

CVDi 

CV3 

CVDj 

CZj v e r s u s Zj t a b l e . Used only 
when K P P C > 0 on c a r d of 
type 15. 

CZi ' 

Zl 

CZ; 

CZ j is the damping force , 
' i n d y n e s , for the ve loc i ty 
Zr, in c m / s e c . 

Use as many c a r d s of type 17 as r e q u i r e d . 

Note: The CZi v e r s u s Zj va lues a r e e n t e r e d in p a i r s in i n c r e a s i n g 
o r d e r of Z , , s t a r t i ng with Zj (= 0), Z^ to Z K P P C -

1-6 (16) 

1-6 

7-12 

13-18 

19-24 

(1216) 

N P P N u m b e r of zones for which 
p r e s s u r e s a n d / o r d i s p l a c e ­
m e n t s a r e p r i n t e d af ter each 
cyc le . T h e s e v a l u e s a l so m a y 
be d i s p l a y e d us ing the Ca l comp 
opt ion. (See c a r d type 24.) 

F i r s t r a d i a l zone n u m b e r . 

F i r s t ax ia l zone n u m b e r . 

KXP2 Second r a d i a l zone n u m b e r . 

KYP, • Second axia l zone n u m b e r . 

K X P 

K Y P 

KXPj and KYP: define each zone to be d i s p l a y e d ; j = 1, 2 N P P 
(0 £ N P P < 6). The s igns be fo re KXP: and KYPj i nd i ca t e the type 
of in format ion to be d i sp layed . 
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C a r d 
T y p e 

19 
(Contd . ) 

C o l u m n s F o r m a t 
F O R T R A N 

N a m e 

20 

21 

KXP 

KYP 

KXP 

KYP 

KXP 

KYP 

D e s c r i p t i o n 

> 0 | 
> P r e s s u r e 

> 0 J 

< 0 "̂  Rad ia l d i s p l a c e -
y m e n t of l o w e r 

> 0 left c o r n e r . 

> 0 

< 0 

Axia l d i s p l a c e ­
m e n t of l o w e r 
left c o r n e r . 

N o t e : C a r d type 19 is u s e d only when N P P > 0. 

T h e fol lowing c a r d s a r e u s e d only when lOUC > 0. 

1-6 (16) 

(1216) 

N 

1-6 

7-12 

13-18 

19-24 

25-30 

I X l i 

1X2, 

J X l , 

J X 2 , 

I X l , 

N u m b e r of l i ne s on the g r id 
tha t a r e to be r e p e a t e d to p r o ­
v ide h e a v i e r ou t l ine for filnn 
output . 

Spec i f i ca t ion of the l i nes that 
a r e to be r e p e a t e d . Used only 
when N > 0 on c a r d of type 20. 

S t a r t i n g m e s h - p o i n t n u m b e r of 
t h I f i r s t l ine (in r a d i a l 
d i r e c t i o n ) . 

F i n a l m e s h - p o i n t n u m b e r of the 
f i r s t l ine (in r a d i a l d i r e c t i o n ) . 

S t a r t i n g m e s h - p o i n t n u m b e r of 
the f i r s t l ine (in aixial 
d i r e c t i o n ) . 

F i n a l m e s h - p o i n t n u m b e r of the 
f i r s t l ine (in ax ia l d i r e c t i o n ) . 

S t a r t i n g m e s h - p o i n t n u m b e r of 
the s econd l ine (in r a d i a l 
d i r e c t i o n ) . 

U s e as m a n y c a r d s of type 21 a s r e q u i r e d , t h r e e l i nes pe r c a r d . 

N o t e : F o r e a c h l ine J , e i t h e r I X l j = I X 2 j o r J X l j = J X 2 j ; 
J = 1 ,2 N (1 £ N s 50). 
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Card 
Type 

22 

23 

24 

Columns 

1-6 

7-lf 

Format 

(I6,F12.0) 

(1216) 

FORTRAN 
Name 

NNM 

PMAX 

1-6 

7-12 

13-18 

NXll 

NXI2 

NXI3 

Description 

Number of p ressu re curves for 
each displayed cycle. 

Maximum pressure , in dynes/ 
cm^, that can be plotted. 

Specification of the lines for 
which the p ressure is plotted. 
Used only when NNM > 0 on 
card of type 22. 

For positive NXlj, program 
plots the p ressure for all axial 
zones ( Z J - J = 2, JMAX + 1) at 
the radial zone R = NXlj. For 
negative NXlj, program plots 
the pressure for all radial 
zones (R.r - I = 2, IMAX + 1) at 
the axial zone Z = NXL. 

Use as many cards of type 23 as required, 12 numbers per card; 
1, 2, 

1-6 

7-lf 

19-30 

31-42 

43 -45 

., NMN (1 £ NNl 

(I6,(6F12.0)) 

50 

KCAL 

SCT 

SCTl 

SCTK, 

SCTK, 

Calcomp option card. 

KCAL > 0: P rogram draws 
Calcomp plots of plug force and 
the values specified on cards of 
types 18 and 19 versus time. 
KCAL ^ 0: No Calcomp plot 

Scale for time axis (horizontal). 
SCT is the number of seconds 
per inch of plot. If SCT = 0.0 
or blank, the program sets 
SCT = 0 001. 

Scale for plug force (vertical 
axis). SCTl IS the number of 
dynes per inch of plot. If SCTl = 
0.0 or blank, the program cal­
culates the optimum scale. 

Scale for first value described 
on input cards of types 18 and 
19 (vertical axis). If SCTK, = 
0.0 or blank, the program cal­
culates the optimum scale. 

Use as many cards as required; K = 1, 2, ... , NPP (O £ NPP £ 6). 
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2. Computer Output 

a. Standard Progrann Printout 

(1) 

(2) 

(3) 

(4) 

Title of problem 

Input data 

Total energy 

For each cycle: 

(a) Ful l -accuracy output (see Subsection a(l) below) 

(b) Limited 2-D output (see Subsection a(2) below) 

(c) Time (sec); total internal energy (dyne-cm); total 
kinetic energy (dyne-cm); and total energy (dyne-cm) 

(d) Cycle number; t ime; time interval (D-TIME); maximunn 
distortion index (DISTORT); location of the maximum distorted zone; maxi­
munn (calculated) White stability number (WMAX) and its location 

(e) Plug force and other values requested on input cards 
of types 18 and 19. (These values are also printed at the end of each run.) 

(5) Reason for termination of run (if other than specified on 
input card type 3). 

(1) Full Accuracy Output. When lOUA > 0, a full-accuracy 
printout is given for each lOUA cycle, subject to the limitation in INUMBA. 
(See input card type 4 for explanation of lOUA and INUMBA.) 

(a) For each cycle 

i. Title of problem 

ii. Cycle number 

iii. Time. 

(b) For each zone 

Eleven columns, consisting of integers I and J; Rj j ; 
Z J J ; RJ J ; Z J , J ; P I , J ; V P I , J ; E J J ; ,0J J ; and mater ia l and phase indicators. 

RJ J , ZJ J = position of lower left corner of zone I,J (in cm), 

Rl ,J ' Zl,J = velocity of lower left corner of zone I,J (in cm/sec ) . 
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P l , j = to ta l p r e s s u r e (in d y n e s / c m ), 

VPj J = v i scous p r e s s u r e (in d y n e s / c m ), 

E j , j = i n t e r n a l e n e r g y (in d y n e - c m / g ) . 

a n d 

PI,J dens i ty (in g / c m ). 

Note: F o r the in i t ia l da ta (cycle = 0) , M j , j is p r i n t e d i n s t e a d 
of VPj J, w h e r e Mj j is the m a s s (in g r a m s ) of each zone . 

(2) L i m i t e d 2-D Output. This i n t e g e r output is p r i n t e d for 
eve ry IOUB cyc le only when IOUB > 0. It is in the f o r m of a m a t r i x and 
inc ludes the foUo'wfng p r o p e r t i e s : 

(a) In i t ia l r a d i a l pos i t ion of the g r id poin ts (Rj j ) 

(b) Ini t ia l ax ia l pos i t ion of the g r id poin ts (Zj j ) 

Note: I t e m s a and b a r e p r i n t e d only when cyc le nunnber = 0. 

(c) Radia l d i s p l a c e m e n t of the g r i d po in t s f r o m the 
.initial pos i t ion . 

(d) Axial d i s p l a c e m e n t of the g r id poin ts f r o m the 
in i t ia l pos i t ion 

(e) Radia l ve loc i ty of the g r id points 

(f) Axial ve loc i ty of the gr id points 

(g) T o t a l p r e s s u r e of t h e z o n e s 

(h) V i s c o u s p r e s s u r e of t h e z o n e s 

(i) S p e c i f i c i n t e r n a l e n e r g y of t h e z o n e s 

(j) D e n s i t y of t h e z o n e s 

(k) R a d i a l s t r a i n of t h e z o n e s 

(1) A x i a l s t r a i n of t h e z o n e s 

(m) A n g u l a r s t r a i n of t h e z o n e s 

(n) S h e a r s t r a i n of t h e z o n e s 

(o) R a d i a l s t r e s s e s of t h e z o n e s 

(p) A x i a l s t r e s s e s of t h e z o n e s 

(q) A n g u l a r s t r e s s e s of t h e z o n e s 

( r ) S h e a r s t r e s s e s of t h e z o n e s . 



More specifically, each page of printout is prefaced by the 
problem tit le, property definition, t ime, time interval, cycle number, maxi­
mum absolute value, and scale factor used. This is followed by a matr ix 
(maximum 50 x 25) of the property values, where the rows indicate radial 
direction and the columns indicate axial direction. Numbers are printed 
on the top and left side of the matr ix to indicate the position of each zone 
in the grid. If the grid size exceeds 50 x 25, the printout continues on suc­
cessive pages until the grid is completed. 

To obtain the printed integers, the program multiplies the 
calculated property values by the indicated scale factor and then truncates . 
The maxinnum nunnber of integers for each property is limited to 4; thus 
the maximum number printed is ±9999. If all calculated values are zeros , 
the nnatrix output is omitted. 

b. Pictor ia l Display (IBM-2280 Fi lm Recorder) 

Pictor ia l displays of the grid displacement and pressure 
can be obtained for every lOUC cycle only when lOUC > 0. (See input 
card type 4.) 

(1) Grid Displacement. The program draws the grids 
for specified cycles according to the input on cards of type 20 and 21, and 
then obtains the required film output. Cycle number and time (in seconds) 
are drawn at the top of each grid. Note: The lower left corner of the 
picture indicates the position of R2 2 and Z^.i. 

(2) P r e s s u r e . If a p ressu re digplay in either the axial 
or radial direction is specified, the program plots the pressure of each 
zone (at the lower zone mesh point) in the specified direction, and then 
draws the interconnecting vec tors . Note: The zone number in the other 
direction is constant. 

To ensure uniform scaling of the plots, the expected 
maximum p re s su re must be specified. (See input cards of type 22 and 23.) 

c. Calcomp Display 

This display is executed at the end of a problem, but 
only when KCAL > 0. (See input card type 24.) 

When executed, the program plots, as a function of time 
elapsed, the total force applied on the plug by the system. It also plots, 
as a function of t ime, the values described on input cards of types 18 and 19. 

Each of the above plots has its own vert ical and horizontal 
axis . The latter always represents t ime, and its scale is specified on input 
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c a r d type 24. Sca le s for the v e r t i c a l ax i s (10 in. a r e a l lowed) m a y be 
specif ied on c a r d type 24; if not, the p r o g r a m finds the o p t i m u m s c a l e 
f rom the ca l cu la t ed v a l u e s . On a l l p lo t s , c o n s e c u t i v e po in t s a r e i n t e r ­
connected with v e c t o r s . 

3. P r o g r a m L i m i t a t i o n s and Subrou t ines 

a. L i m i t a t i o n s 

N u m b e r of: Not to exceed : 

(1) Gr id zones 3000 

(2) Different m a t e r i a l s 20 

(3) Different s ec t i ons 20 

(4) Po in t s for Hugoniot cu rve ( s ) 50 

(5) Poin ts for KZ vs Z and CZ vs Z t a b l e s 50 

(6) L ines r e p e a t e d for p i c t o r i a l d i sp l ay 50 

(7) Different p r e s s u r e p l o t s / c y c l e 50 

(8) R e a c t o r v e s s e l s 10 

(9) Po in t s for s t r e s s vs s t r a i n t ab le for 
r e a c t o r m a t e r i a l 50 

(10) C y c l e s / r u n for C a l c o m p d i sp lay 1000 

(11) Different p lots for C a l c o m p d i sp l ay 7 

b. Subrou t ines 

To execute the p i c t o r i a l d i sp lay , the p r o g r a m u s e s the s u b ­
rou t ines d e s c r i b e d in: 

A F i l m - P l o t t i n g Subrout ine P a c k a g e (FSP) for the IBM F i l m 
R e c o r d e r , by Daniel F . C a r s o n (Argonne AMD T e c h n i c a l M e m o r a n d u m 
No. 167, June 17, 1968). 

To execute the C a l c o m p d i sp l ay , the p r o g r a m u s e s the s u b ­
rou t ines d e s c r i b e d in: 

S/360 P r o g r a m m i n g T e c h n i q u e s for the C a l c o m p 780, by 
Ronald F . Krupp (Argonne AMD T e c h n i c a l M e m o r a n d u m No. 130, 
J a n u a r y 6, 1967). 
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APPENDIX B 

Conservation Laws for 2-D Axisymmetric Shock Wave Propagation 

In this appendix, we derive the basic conservation laws of mass , 
momentum, and energy, along with the equation of state. 

1. Conservation of Mass 

a. Incremental Fo rm 

pdV = p°dV°, (B.l) 

where 

p,dV = density and incremental volume change, respectively, at 
time t > 0; 

and 

p°,d¥° = density and undeformed incremental volume, respectively, 
at tinne t = 0. 

b. Tensor Differential Fo rm 

The tensor equation is 

- ^ + p d i = 0. , fB.2) 
dt '̂  1 • 

Now, 

di = d-i = u, ' = x^ (B.3) 

where u, and x are the velocity and displacement, respectively, and conven­
tional tensor notation prevai ls . On using Eq. B.3, Eq, B.2 becomes 

p + pu,i = 0. (B.4) 

For cylindrical coordinates, the three principal coordinates are 

i = r, 8, z, (B.5) 

and the three velocities a re 

u = u, v, w. (B .D) 



56 

On using Eq. B.5 , Eq. B.4 b e c o m e s 

. , /Su , Sv , 5w\ 

c. P h y s i c a l - c o o r d i n a t e Dif ferent ia l F o r m 

(B.7) 

To obtain the c o n s e r v a t i o n of m a s s in p h y s i c a l c o o r d i n a t e s , the 
ve loc i ty t enso r is needed, which is 

d(u, V, 

J S ( r , e , z) 

du 
s7 ° a 

0 - 0 

On using Eq. B.8, Eq. B.7 b e c o m e s 

2, Conse rva t ion of Momen tum 

a. Tensor Different ia l F o r r 

The bas ic equat ion of m o m e n t u m is 

(i, m = r , 9, z) . ptl^ = p f + t, '"^ 
m 

whe re 

and 

f - body force 

(.im _ . . 
t - s y m m e t r i c s t r e s s t e n s o r . 

The s t r e s s t e n s o r is defined as 

r r " r e ^rz 

(B.8) 

(B.9) 

(B.IO) 

( B . l l ) 



E q u a t i o n B . l l can be r e w r i t t e n as the s u m of a h y d r o s t a t i c and 
d e v i a t o r i c s t r e s s t e n s o r as fo l lows : 

p 
0 
0 

0 
p 
0 

o' 
0 
p 

+ °er ^99 O0z 

° z r ° z e Ozz 

w h e r e 

and 

P = - 1 ( 0 , . , + "aa + 0 ), 3 ^ r r uu z z ' 

O r r = Orr + P ' 

000 = Ogg + P = - ( a ^ r + 0 ^ 2 ) , 

Ozz = Ozz + P ' 

Oij = Ojj (i / j ) . 

(B.12) 

(B.13) 

(B.14) 

(B.15) 

(B.16) 

(B.17) 

On us ing E q s . B . 1 2 - B . 1 7 , we can w r i t e the s t r e s s t e n s o r as 

i ^'] ^ ' 
w h e r e 6'; is the K r o n e c k e r de l t a . Next , let 

P . . l . | . 

Then, Eq . B.18 b e c o m e s 

.™ d . im 

(B.18) 

(B.19) 

'"^ = - ( P 6 ' ) + ^ t ' 
1 

(B.20) 

On us ing Eq. B.20, the m o m e n t u m equa t ion (Eq. B.19) b e c o m e s 

(B.21) 

b. P h y s i c a l E q u a t i o n s of Mot ion 

pui = pi' - (P6 ' ) , " ? + d t ; "J . 

B a s e d upon the t e n s o r f o r m in E q s . B.IO and B . l l , the m o m e n ­
t u m e q u a t i o n s a r e 



58 

S o r r So rz , " r r 
pr = pu = - 5 ^ + ^^ + + pf^ ( B . 2 2 ) 

a n d 

p'i = P^ = - ^ + a 
S o , , . So , , ^ o ^ ^ ^^, (B.23) 

Based upon the t e n s o r f o r m in E q s . B.12 and B.20, the m o m e n -

tum equat ions b e c o m e 

pr = pu = 
^ SOrr ^ S o , , ^ Orr 

Sr Sr Sz 
+ pf^ (B.24) 

a n d 

On using Eq. B.13 , E q s . B.24 and B.25 b e c o m e 

S ( P - Orr) SOr, 2a + 

p r = pu " " + pf"-

(B.25) 

(B.26) 

and 

S ( P - O z z ) SOr, Or, 
pz = pw = - 5 ; + ^ ^ + — + pf . 

3. Conse rva t i on of I n t e rna l E n e r g y 

a. T e n s o r F o r m 

The bas ic equat ion is 

p E = t^'^djrn + h . ' + pQ ( i - m = r , e , z ) , 

(B.27) 

(B.28) 

whe re 

E, h, Q - i n t e r n a l ene rgy , hea t - f l ux v e c t o r , and e n e r g y s o u r c e s , 
r e s p e c t i v e l y . 

On using Eq. B.18, we obta in 

1 ; i j i 4- d a m d^ t " " d i m = j t j d : + ^ t - " °d. (B.29) 



w h i c h , on u s ing Eq . B .19 , b e c o m e s 

•— j i 4- d ^ i m d j (B.30) 

d' 
1 

F r o m Eq. B .2 , 

., _ _P_, 
P ' 

wh ich , on s u b s t i t u t i o n in Eq . B .30 , y i e lds 

_ p ^ + d j im d j 

Next , u s ing Eq. B .32 , Eq . B.28 b e c o m e s 

p E = P i l + ^'""^d-^^+ h.\ + PQ. 

(B.31) 

(B.32) 

(B.33) 

Now, djrn c a n b e w r i t t e n as 

d j - d j i - j i I j i i i - j ^ x ^ P A ' 
' l im - ^ m - ^ m ' j^^i^m " '^m + J ^ ^m-

so tha t Eq . B .33 beconnes 

1̂  T-> P i d . i m i , 1 p d . i m c i , u ' x /^n p E = p r + t d m + J ^ t 6 m + h,- + ^ Q . 

(B.34) 

(B.35) 

b . P h y s i c a l E q u a t i o n F o r m 

On us ing E q s . B.2 and B.12 , the c o m p o n e n t s of " t " " "dj^n ^re d . im d • 

d i m d , 
t d. 

^ 4 . 1 £ 
dr 3 p 

2 \ S z br I 

r 3 p 

iC^u ^ dw\ 
2 \ a z d r / 

dw ^ 1 ^ 
dz 3 p 

(B.36) 

S u b s t i t u t i o n of t h e s e c o m p o n e n t s in Eq . B.3 5 g ives 
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pE = P|+.rr(|i^j?)^^0(M^)-^^(lf4^) 

, , / d u ^ d w x / d h : , h i , | i ! \ , ^ Q . 

""^dz dr M dr >- Sz y 

Now, 

1 

P " v ' 

vhere v is the specif ic v o l u m e . 

Different ia t ing Eq. B.38 with r e s p e c t to t i m e g ives 

vhich, on subs t i tu t ion in Eq. B.37, y ie lds 

d 
E = -Pv + V 

- 3!̂  Orr + agg + 

F r o m E q s . B .13 -B .16 , 

j ( o r r + o'ee + o , , ) = 0, 

so that Eq. B.40 r e d u c e s to 

u - u , _ dw / S u dwN 
; + oge - + a „ - + a r , ^ - + - j 

_ N . ^ /dh ' - ^ h'- dh^N 
a z z ) v + v ( ^ — + - + — J + Q . 

-Pv + V 
du , — u , — dw 

° r r ^ + O g g - + o „ — + 
/ d u , dw\ 

/ dh ' ' h' ' d h ^ \ ^ 
+ vl -— + — + + Q. 

\ d r >• dz / 

(B.37) 

(B.38) 

(B.39) 

(B.40) 

(B.41) 

(B.42) 

At th is point , it is convenient to i n t r o d u c e the s t r a i n r a t e s 
defined as 

dw (B.43) 
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Thus, Eq. B.42 becomes 

E = -Pv + v^OrrErr + "^96^99 + o „ e , , + Or^Erz) + ^[^-^ ^ ~ ^ ) 

(B.45) 

4. Equation of State 

Since no known equation of state prevails for all mater ia l s , the form 
assumed for each mater ia l is 

p = p(E,v) = p(E,p). (B.46) 
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A P P E N D I X C 

F i n i t e - d i f f e r e n c e Equa t ions of the J a c o b i a n s 

E 

2 

/ e 

\ 
3 

/ 

\ 
F 

A 

\ 

0 ~"\ 

7 / 

/ 

. \ 

/ 
4 

c 

Ĥ_ 

IG" 
TAYLOR'S EXPANSION 

MiO-POiNT METHOD 

GREEN'S TRANSFORMATION 

Fin i t e -d i f f e r ence equa t ions wi l l be d e r i v e d by a l l t h r e e m e t h o d s . 
The c o r r e s p o n d e n c e be tween the l e t t e r s and n u m b e r s in the i l l u s t r a t i o n 
wi th L a g r a n g i a n coo rd ina t e s is 

1 = 
2 = 
3 = 
4 = 
5 = 
6 = 
7 = 
8 = 

I + 1/2, J + 
I + 1/2, J -
I - 1/2, J -
I - 1/2, J + 
I + 1/2, J 
I, J - 1/2 
I - 1/2, J 
I, J + 1/2 

1/2 
1/2 

1/2 

1/2 

0 = 
A = 
B = 
C = 
D = 
E = 
F = 
G = 
H = 

I, J 
I + 1, J 
I, J - 1 
I - 1, J 
I, J + 1 
I + 1, J - 1 
I - 1, J - 1 
I - 1, J + 1 
I + 1, J + 1 

A c c e l e r a t i o n s , v e l o c i t i e s , and d i s p l a c e m e n t s a r e c e n t e r e d a t the 
m e s h point (0, A, B, C, D, E, F , G, H) and s u b s c r i p t e d (I, J ) . Specif ic 
va lues of vo lume , p r e s s u r e , a r e a , v i s c o s i t y , s t r e s s e s , dens i t y , nnass , and 
i n t e rna l ene rgy a r e c e n t e r e d at the midd le of the zones (1 , 2, 3 , 4) and 
s u b s c r i p t e d (I ± 1/2, J ± 1/2). T i m e is denoted by the s u p e r s c r i p t n. 

To obtain the f in i t e -d i f fe rence f o r m of the c o n s e r v a t i o n laws the 
f in i te -d i f fe rence f o r m of the J a c o b i a n for an a r b i t r a r y function F m u s t be 
d e t e r m i n e d f i r s t . 

d (F , 
d{I ,J) 

d ( F , z ) 
d ( I , J ) 

0 " VdljoVdjjo' 

0 VSi/oVSj/o 

(sjjoisijo = 

fSFWdz\ _ 
Vdj/oVdl/o " 

- A ^ ^° dz 

A 4 ^ 

( C . l ) 

(C.2) 
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To find the v a l u e s of t he J a c o b i a n s in E q s . C . l and C.2 a t the 
poin t 0, the p a r t i a l d e r i v a t i v e s at 0 m u s t be e v a l u a t e d for a l l t h r e e nnethods . 

1. T a y l o r ' s E x p a n s i o n 

To e v a l u a t e the p a r t i a l d e r i v a t i v e s in E q s . C . l and C.2 by T a y l o r ' s 
m e t h o d , c e n t e r e d d i f f e r e n c e s wi l l be u s e d . A c c o r d i n g l y , 

( I f ) = i [ ( F i + F 3 ) - ( F 3 + F 4 ) ] ; (C.3) 

( l j ) „ = K ( F i + F , ) - ( F , + F3)]; (C.4) 

( I f ) = i [ ( r i + r , ) - ( r 3 + r 4 ) ] ; (C.5) 

I f ) = i [ ( r i + r 4 ) - ( r ^ + r , ) ] ; (C.6) 

( d f ) o = ^ t ( ^ ' + ^ ^ ) - (^3+ ==4)]; (C.7) 

( I f ) = K ( 2 l + ^ 4 ) - (22+ Z3)]. (C.8) 

On us ing E q s . C . 3 - C . 8 , E q s . C . l and C.2 b e c o m e 

i [ ( F , - F 3 + F 2 - F 4 ) ( r , - r 2 + r 4 - r 3 ) S ( F , r ) 
d ( I , J ) 

( F , - F j + F 4 - F 3 ) ( r i - r j + r z - r4)] (C.9) 

and 

d ( F , z ) 
d ( I , J ) 

i [ ( F i - F 3 + F 2 - F 4 ) ( z i - Z2+ Z 4 - Z3) 

- ( F , - F 2 + F 4 - F 3 ) ( z i - Z 3 + Z 2 - Z 4 ) ] . ( C I O ) 
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Multiplying out Eqs . C.9 and C I O gives 

d(F , 

d( I , J ) 
i [ ( F 2 - F 4 ) ( r i - r 3 ) - (Fi - F3)(r2 - r4)] ( C . l l ) 

a n d 

d (F ,z ) 

d( I , J ) 
K(F2 - F4)(zj - Z3) - (Fl - F3)(Z2 - Z4)]. (C.12) 

F r o m Eqs . C.l and C.2, 

d F 

dr 
7 ^ [ ( F 2 - F4)(zi - Z3) - (Fl - F3)(Z2 - Z4)] (0.13) 

and 

dF 
dz 2A 

[(F2 - F4)(ri - r3) - (Fl - F3)(r2 - r4)]. (C.14) 

Using Eq. C.12 gives 

Ao 
d ( r , z ) 

d ( I , J ) 
i [ ( r 2 - r4)(zi - Z3) - (ri - r3)(z2- Z4)]. (C.15) 

Since the d isp lacements a r e defined only at the mesh points , the values of 
the d isp lacements in Eqs . C.5-C.15 mus t be r ega rded as the cen t ro ids of 
the mesh zones . Hence, to exp res s these equations in t e r m s of m e s h 
points, we use the following re la t ionships : 

r-i = i(ro +rD+ rH+rA) 

rz = i ( r o + r A + r E + r s ) 

1-3 = i ( r o + r B + r F + r e ) 

1-4 = i ( ' ' o + ' 0 + ' •G+ ' ' D ) 

( C . 1 6 ) 

and 

Zl = i ( z o + Z J 3 + Z f j + z ^ ) 

Z2 = i ( z o +ZA.+ Z E ; + Z B ) 

Z3 = i ( Z o + Z g + Z p + Z(--) 

Z4 = ; ( Z o + Z ( - + Z(-;+ Zjj) 

( C . 1 7 ) 
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w h i c h y ie ld the f inal e q u a t i o n s 

i [ ( F 2 - F 4 ) ( r ^ - r(3+ r j ) - r B + r j j - rj-) 
S ( F , r ) 
d ( l , J ) 

and 

S ( F , z ) 
d ( I , J ) 

( F , - F 3 ) ( r A - r c + r a - r D + r E - r e ) ] 

= { [ ( F z - F 4 ) ( z A - Z C + Z D - Z B + Z H - Z F ) 

(C.18) 

- (F l - F 3 ) ( z A - Z ( 3 + z g - z j ) + z g - Z Q ) ] . 

2. Midpoin t Me thod 

The r e s u l t s for t h i s c a s e can be ob ta ined f r o m Sec t ion 1 of 

Append ix B by u s i n g the i d e n t i t i e s 

1 ^ 5 
2 - 6 
3 - 7 
4 - 8 

in E q s . C . 1 1 - C . 1 5 . T h u s , 

(C.19) 

S ( F , r ) 

d ( I , J ) 
i [ ( F , - F 8 ) ( r 5 - r 7 ) - {F,- F.,){rt- r^)]. 

(C.20) 

(C.21) 

d ( F , i [ ( F e , - F 8 ) ( z 5 - z , ) - ( F 5 - F 7 ) ( z 6 - z e ) ] ; 
d ( I , J ) 

Ao = i [ ( r 6 - r8) (z5- z-,) - ( r j - r7) (z6- Zg)]; 

d F 
d r 

- ^ [ ( F 6 - F 8 ) ( z 5 - z , ) - ( F 5 - F , ) ( z ( , - Z 8 ) ] ; 

(C.22) 

(C.23) 

(C.24) 

l f | = -^[(Fb-Fi)(rs- r^) - (F,-F^)(r,- r. (0.25) 
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and 

Since the va lue of F m u s t be known at the c e n t e r of the z o n e s and 
c o o r d i n a t e s at the m e s h po in t s , the def in i t ions 

F, = i ( F i + F2)^ 

F t = i ( F 2 + F 3 ) 

F , = i ( F 3 + F 4 ) 

Fe = • | (Fi + F4) 

r j = { ( r o + r ^ ) ; r^ = i ( r o + r g ) 

r , = | ( r o + r c ) l rg = -^ ( ro+r j j 

the 

Z5 = i ( z o + z A ) . Z(, = - | - ( Z O + Z B ) 

z? = i ( z o + z c ) ; Zg = -i-(zo+Zj3) 

a r e subs t i tu ted into E q s . C .21-C .25 to obtain the final equa t ions 

= i [ ( F 2 - F 4 ) ( r A - r c + rj) - r-g) 
d ( F , r) 
S ( I , J ) 

(C .26 ) 

(C .27) 

(C.28) 

S ( F , z ) 

S{I.J) 

- ( F i - F 3 ) ( r A - r c + r g - r j j ) ] , 

i [ ( F 2 - F4)(ZA- Z ^ + Z j j - Zg) 

(C .29) 

and 

- (Fl - F3)(zy^- Z Q + Zg - Zj-))], 

Ao = T [ ( ' ' B - r j 3 ) ( z ^ - ZQ) - ( r ^ - r c ) ( z B - Zjj)] 

dTlo " S ^ o f ' ^ ^ ' ^ ^ ' ^ ^ A - ^ C + ^ D - Z B ) 

- (Fl - F 3 ) ( z ^ - ZQ + z g - zj-,)]. 

d l l o = - g X - o t ' ^ ^ - ^ ^ ' ^ ^ ' A - ' - C + ' ^D- ' -B) 

(C.30) 

(C.31) 

(C.32) 

- ( F i - F 3 ) ( r A - r c + r g - r i 3 ) ] . (C .33) 



3' Green ' s Transformation 

Green ' s Theorem in two dinnensions is 

f Fni ds = / F ^ dA (C.34) 

where 

and 

ni = outward normal vector to the surface dA, 

C = circuit enclosing the area A, 

, = covariant differentiation. 

In component form, two equations are obtained: 

and 

avg J c J A 

m A = -f Fdz = r 
^Sz/avg 7 c JA 

dA, 

d F 
dA, 

'avg Jc J A 

which, on substitution in Eqs. C.29 and C.30, yield 

d(F, 
d(I,J) £ F dr 

(C.35) 

(C.36) 

(C.37) 

and 

d ( F , r ) 
d(l7J) .=£ F dz. (C.38) 

For example, if we choose the circuit ABCD in the i l lustrat ion (p. 62) and 
consider the p re s su re on side AB to be given by its average, etc. , and 
recognize that path of the circuit is counterclockwise, Eqs. C.37 and C.38 give 



and 

d ( F , z ) 
d ( I , J ) 

S ( F , r ) 
d ( I , J ) 

- [ F i ( z A - Z Q ) + F2(zg - z^ ) + F 3 ( z c - z g ) 

+ F 4 ( z i 3 - z c ) ] 

- [ F i ( r A - r o ) + F2(rB - rpJ + F 3 ( r c - rfl) 

+ F 4 ( r i 3 - r c ) ] -

F r o m E q s . C.39 and C.40, 

d F | 
d r lo 2Ao' 

[Fi(zA - Z D ) + F2(zg - z^ ) + F3(zc - z g ) 

+ F4(Z£)- ZQ)], 

d p i 1 
dz lo 2Ao' 

+ F4 ( r i 3 - r e ) ] , 

and 

A = 2Ao, 

w h e r e AQ is given by Eq. C.23. 

[ F i ( r A - r o ) + F2(rB - r ^ ) + F 3 ( r c - r g ) 

(C .39) 

(C.40) 

(C.41) 

(C .42) 

(C.43) 
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